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Summary. After a short recapitulation of the basic concepts of stationary
perturbation theory, this is applied to a many-electron Hamiltonian, with or
without an external field, given in a Fock space formulation in terms of a finite
basis, the exact eigenfunctions of which are the full-CI wave functions. The Lie
algebra Z® of the variational group corresponding to this problem is presented.
It has an important subalgebra #{" of one-particle transformations. Hartree—
Fock and coupled Hartree—Fock (also uncoupled Hartree—Fock) as well as
MC-SCF and coupled MC-SCF are outlined in this framework. Many-body
perturbation theory and Meller—Plesset perturbation theory are derived from the
same kind of stationarity condition and a new non-perturbative iteration con-
struction of the full-CI wave function is proposed, the first Newton—Raphson
iteration cycle of which is CEPA-0. For the treatment of electron correlation for
properties two variants of Meller—Plesset theory referred to as ‘coupled’ (CMP)
and ‘uncoupled’ (UCMP) are defined, neither of which is fully satisfactory.
While CMP satisfies a Brillouin condition, which implies that first order correla-
tion corrections to first- and second-order properties vanish, it does not satisfy a
Hellmann—Feynman theorem, i.e. a first order property is not the expectation
value of the operator associated with the property. Conversely UCMP satisfies a
Hellmann—-Feynman theorem but no Brillouin theorem. The incompatibility of
the two theorems is related to an unbalanced treatment of one-particle- and
higher excitations in MP theory. CMP, which is based on coupled Hartree—Fock
as uncorrelated reference, appears to have slight advantages over UCMP, but
neither variant looks very promising for the evaluation of 2nd order correlation
corrections to 2nd-order properties. Then four variants of the perturbation
theory of properties with a nonperturbative treatment of electron correlation on
CEPA-0 level (but extendable to a higher level) are discussed. While those
variants which are the direct counterpart of UCMP and CMP must be discarded,
the ‘perturbative CEPA-0’ derived from a perturbative treatment on full-CI level
appears to satisfy all important criteria, in particular it satisfies a Brillouin—
Brueckner condition and a Hellmann—Feynman theorem. A simplified version,
the ‘coupled Brillovin—Brueckner CEPA-0’ appears to have essentially the same
qualities. It is important to replace the Brillouin condition of MP theory by the
Brillouin—Brueckner condition in non-perturbative approaches, especially if one
is interested in properties.
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1. Introduction

In paper I of this series [1], henceforth referred to as I, the basic concepts of
stationary perturbation theory have been outlined. Unlike in the conventional
formulation of perturbation theory it is not assumed that the ‘unperturbed’
Schrédinger equation is solved exactly, but rather that the energy expectation
value is made stationary with respect to a family of infinitesimal unitary
transformations that can be described by means of a unitary group %, called the
‘variational group’, with which a Lie algebra % is associated. The most impor-
tant results of I will be recapitulated in Sect. 2.

In the present paper we explicitly consider a many-electron Hamiltonian and
we want to describe effects of electron correlation in the framework of stationary
perturbation theory, both effects on the energy and on properties.

All considerations in this paper are based on a Hamiltonian formulated in a
Fock space, based on a finite-dimensional one-electron basis as given in Sect. 3.
The exact eigenfunctions of this Hamiltonian are the full-CI wave functions. The
relevant Lie algebra is called £ and is also presented in Sect. 3.

There are two main parts of this paper. The first of these (Sects. 6—10) deals
with electron correlation in the absence of an external perturbation. After a
general introduction to the correlation problem in the stationary context (Sect.
6) we discuss the treatment of electron correlation by perturbation theory (Sect.
7) in terms of a formal parameter A that is finally set equal to 1. We study the
two possibilities of many-body perturbation theory (MBPT) based on the bare
nuclear Hamiltonian as unperturbed Hamiltonian, and Mgller—Plesset (MP)
theory where the unperturbed problem is Hartree—Fock theory. In Sect. 8 an
essentially new approach to the iterative non-perturbative construction of the
full-CI wave function is presented. This is then (Sect. 9) generalized to the case
where the reference function is of MC-SCF type. This is somewhat related to
coupled-cluster theory, but strictly in the stationary framework. In Sect. 10 the
concept of Brueckner (best-overlap) orbitals in the context of stationary pertur-
bation theory is introduced.

Sections 11-15 then deal with properties, i.e. we include an external pertur-
bation uQ to the Hamiltonian. An overview of the problem is given in Sect. 11,
where also the more academic case of double perturbation theory based on the
bare nuclear Hamiltonian is considered. The two variants of MP theory for
properties, namely uncoupled Maller—Plesset theory UCMP, based on uncou-
pled Hartree—Fock (UCHF) and coupled Mealler—Plesset theory (CMP), based
on coupled Hartree—Fock (CHF) are studied in Sects. 12 and 13, respectively.
Both have merits and drawbacks. While UCMP satisfies the Hellmann—Feyn-
mann theorem, but not a Brillouin theorem, the converse is true for CMP. The
incompatibility of these two properties is related to an unbalanced treatment of
one-particle and two-particle operators in MP theory. Although it is usually
preferable to satisfy a Hellmann~Feynman theorem, coupled MP theory appears
to be a better choice as compared to UCMP. Anyhow for the most interesting
case of 2nd order correlation correction to 2nd order properties double perturba-
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tion theory becomes so complicated that non-perturbative approaches look more
promising. We then generalize (Sects. 14 and 15) the iterative non-perturbative
approach of Sect. 8 to the case where an external perturbation is present. The
formalism is somewhat simpler than in double perturbation MP theory, but
again it is not trivial to find the appropriate way to formulate a fully satisfactory
theory. It is, at least, required to start from a coupled Brueckner—Hartree—Fock
theory in order to satisfy a Hellmann—Feynman theorem.

Before we discuss the topics just outlined we say a few words on coupled-
Hartree—Fock theory, which is the ‘non-correlated’ reference for properties
(Sect. 4), and on coupled MC-SCF theory (Sect. 5) which is an important
intermediate step in the treatment of correlation effects on properties.

In 1955 Lowdin has published three classical papers [2], that are to a large
extent the basis of current ab-initio quantum chemistry. The central importance
of full-CI (not yet baptized so) and of Hartree—Fock as a standard approxima-
tion to it has been stressed. The present paper uses still similar concepts.
However, it gives more weight to the stationary principle, the Lie-algebraic
formulation and the study of properties.

2. Summary of stationary perturbation theory

We require that the expectation value of the Hamiltonian H is stationary with
respect to a group ¥ of unitary transformations:

P|UT'HU|P) =0, YU=(U"""e¥ 2.1
Any such U can be written as:
U=expX; X=-X'e2z, (2.2)

where Z, is the real Lie algebra (of antihermitean operators) associated with the
‘variational group’ ¢ [1, 3].

A necessary and sufficient condition for Eq. (2.1) to hold is the (generalized)
Brillouin or hypervirial condition:

(PIH, X]|P)=0;, VXeZ, (2.3)

The dependence of the wave function ¥ on a perturbation parameter A (in the
case that H depends on 4) is formulated as:

() = DY, YD) e L, (2.4)

It is essential that the variational group ¥ is chosen such that with the restrictive
assumption (2.4) on Y(4) the dependence of ¥ on A is well described.

One expands both the energy expectation value and the stationarity condi-
tions in powers of 4, and one uses then the stationarity conditions to simplify the
energy expressions. A detailed derivation is given in I [1]. We only consider here
the case that H is linear in A4:

HGY = Hy+ AV (2.5a)

EQ) =<¥YW|HD|PW)) = :Zjo A*E; (2.5b)

YO) = 3 A, (2.5¢0)
k=1
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COE<T0|[HO,X]|Y’0>=0; YXe, (2.6a)
CIE<T0[[[HO,X], Y\]1+1V, X]I'P0>=0; VXe2, (2.6b)
Co =< Wo|l[Ho, X1, Vol +3[[Ho, X1, Y11, Vi1 +[[V, X], 11| %> =0; VX e,
(2.6¢)
E,= <'1U0|H0‘ Yoo (2.7a)
E = {Po|VI¥) (2.7b)
E, =3 {Po|lV, Y1]|¥o) (2.7¢)

Ey = {¥o[l[[Hy, Y1], Y11, 11| o) +3<Wo[lV, Y11, Vi1|¥e>  (2.7d)

Equation (2.6a) is a condition for the unperturbed wave function ¥,, while Egs.
(2.6b) and (2.6¢c) are conditions for Y, and Y, respectively. Equation (2.7b) is
recognized as the Hellmann—Feynman theorem. Equations (2.7¢c,d) demonstrate
Wigner’s (2rn + 1) rule according to which only the Y, up to Y, are needed to
evaluate E,, and E,, , ;.

Equation (2.6b) is equivalent to the requirement that the following func-
tional:

F(Yy) =WV, Y11 +3([Ho, Y11 Y1l %o (2.8)

is made stationary with respect to variations of Y;. This is the equivalent of
Hylleraas® variational principle in stationary perturbation theory.

The condition (2.6a) can be satisfied in the following way. We choose a trial
function @, and make the ansatz

Yo=e"®y; o0=Y X X2, (2.9
3

Insertion of (2.9) into (2.6a) leads to a non-linear system for the expansion
coefficients ¢,. A possibility to solve this non-linear system consists of a
Newton—Raphson type iterative scheme, in which one constructs a set of ¢, from
the linearized system, uses these to construct an approximate ¢ and an improved
wave function from (2.9), after which one continues in the same way. For details
see I. Sects. 2 and 6 [1].

For the evaluation of E, and E; the essential step is the construction of ¥,
from (2.6b). In view of (2.4) and (2.5a) we expand Y, in a basis {X,} of &,

Y=Y bX;; X,e¥, (2.10)
k
Insertion of (2.10) into (2.6b) leads to a linear system of equations
Y Hub + V=0 (2.11a)
14
with
H,, = {¥o|l[Ho, X, X,1| P> (2.122)
Vie =<WollV, Xl |¥o) (2.13)

‘The matrix Hy, is called the Hessean of the unperturbed problem. In I. Sect. 6 it
has been discussed how to avoid that the Hessean becomes singular. This
essentially amounts to choosing a subalgebra of ., excluding operators for
which Eq. (2.3) is trivially fulfilled.
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It is often convenient to expand Y, in a basis {X,} of the complex Lie
algebra %, rather than the real subalgebra %, of antihermitean operators. In
this case a generalization of the definition (2.12a) is necessary that is valid for
other than antihermitean X,. This is:

Hy, = (Wo|lXT, [Ho, X,11| ¥ (2.12b)
If one defines V, still by Eq. (2.13), the linear system of Egs. (2.11a) has to be
replaced by:

!

For X, € #,, Eqs. (2.12b) and (2.11b) reduce to Egs. (2.12a) and (2.11a),
respectively.

In the same framework double (and multiple) perturbation theory can be
formulated. For

H(A, @) = Ho + AVyo + Vo, (2.142)
Y(i, p) = z Au'Y,,; (k =1=0 excluded) (2.14b)
kI=0

E = Z lkﬂlEkl (2.14C)

ki=0

one gets (2.6a) and (2.7a) as before and
C105<T0|[[H0: X1, Yi0] + V1o, X]l'f’0>=0 (2.15a)
C01 <'IIOI[H0’X]: Y01] +[V019 ]|'P0>=0 (2'15b)
Ey= <T0|V10| Yoo (2.16a)
Ey = <'PO|V01‘ lPo> (2-16b)
E, = <'1Uo|[Vloa Y01”To> = <'Pol Vois 1o]| Yo (2.16¢)

EZ =%<III |2 VIO’ YIO]’ YOl] +[[V01= YIO] Yl[)] +[[[H05 YIO] YlO YOl I'I’O
%< |2[[V105 YOI] YIO] + [[V017 YIO]’ YIO] + [[[H07 YOI] YlO YIO I':P0>
(2.16d)

For other E, see I. Sect. 5 [1]. One recognizes (2.16¢) as Dalgarno’s exchange
theorem [4].

In double perturbation theory one will often be interested in a Brillouin theorem
or a Hellmann—Feynman theorem with respect to a single parameter. Consider

hm Y|IH, X] |'I’>—11m (‘Pole Y[Hy+ puVor, X1e¥|¥>

=<IPO!H09 +N{ Voi, X1 +1[[X,, X1, Y01]}+0(ﬂ2)|l1yo>:0 (2.17)

This Brillouin theorem means that the coeflicients of all powers of u vanish for
A =0, which is in fact the case in view of (2.6a) and (2.15a). Of course (2.17)
holds up to that order in u that one has considered explicitly. Let us now take
a Hellmann—Feynman theorem, but with respect to the other parameter

. OF
lim — = Ey, +AE; +A%Ey + - = lim <‘P\ |'P> = hm Pole™ "V e ¥y
p—0 O p—0

= <'P0|V01 + X[Von Yw] + 12{ VO]: Yzo] +5[[V01, YIO 5 YIO } + 0(13)|To
(2.18)
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If we collect powers of u and note that (2.16b,c,d) are satisfied, we realize that
(2.18) does, in fact, hold. In the case of (2.16d) one must realize that this can
alternatively be written as

E;, = <'P0|[V01; Yyl +%[[V01, Yyl, Y10]|Y10> (2719)

which one verifies by first using (2.15b) for X = Y, then the Jacobi identity and
(2.6a) and finally vanishing of C,, constructed in analogy to (2.15a,b).

One of the reasons why one prefers schemes which satisfy a Hellmann—Feyn-
man theorem is that the error of a 1st order property is quadratic in the error of
the wave function, otherwise only linear.

3. The variational group of full CI and its subgroups

Starting point for all aspects of this paper is the Fock space Hamiltonian [5, 6]

H=h?al +3¢%ar, (3.1
written here in a tensor notation with the Einstein summation convention over
repeated indices implied. In order to write H in the form (3.1) one must first
specify a (necessarily finite) orthonormal one electron spin-orbital basis {x, }. In
terms of this basis, matrix elements A%, g%¢ and creation and annihilation
operators af = af and a, are defined and in terms of these excitation operators

q rs
(lp, [lpq.

b = ity lhl x> (3.22)
g% = (D () |r a1, (D (2)) (3.2b)
ai =a%a,; a,, =a'a‘a,a, (3.2¢)

The exact eigenfunctions of the Hamiltonian (3.1) are the ‘full-CI’ wave func-
tions in the given one-electron basis {y, }.

We shall consider essentially three variational groups and their associated Lie
algebras.

(a) The group 4 of unitary one-particle transformations within the given
spin-orbital basis, generated by the elements

ale gV (3.3a)
For spinfree problems it is advantageous to use instead the group of one-particle
transformations between spinfree orbitals and the associated Lie-algebra with
elements
ES =a%; +a%f (3.3b)
(b) The group % of all unitary transformations of arbitrary particle rank
generated by the elements

al, ay, as etc.e £ (3.4a)

(c) The group 4™ of unitary transformations of n-electron wave function
with fixed n. It can be generated by the #® with elements Z, such that

Z,=Z,P,=P,Z,; Z,ec P (3.52)

where P, is the projector to n-particle states. Since the Z; given by (3.4a) are
particle-number conserving, they commute with P,, which implies that

(2, Z)] =2k, Z}]P, (3.5b)
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If Z; has an excitation rank larger than n, the corresponding Z, vanishes. The
Lie algebra £ ¢ hence breaks off at operators of particle rank larger than n. We
shall not write the projector P, explicitly, but assume whenever we write Z € £®
that a Fock space operator (3.4a) is multiplied by P,. Since, at the end we evaluate
expectation values with an n-electron wave function, the P, can be omitted.

Of course, #" is a subalgebra of .# (™. This also means that the Lie-algebra
of elements of .#® multiplied by P, (not by P;) is a subalgebra of £ . Since
this ‘modified” ¥ ¥ leads to the same matrix elements as the original £ we
shall say that # is a subalgebra of £ ®.

Since the full-CI wave function can be obtained from any other wave
function expressible in the same basis by means of a unitary transformation

U=e¢% oc=-06'e¥® (3.6)
the stationarity condition satisfied by the full-CI wave function is
(P|H, Z)|®)=0; VZeL® (3.7)

Since £V is a subalgebra of ™, we see that a necessary though, of course, not
sufficient condition for a full-CI wave function is that

CP|IH, X]|P)=0; VXeL® (3.8)

In fact (3.8) is not only fulfilled by the full-CI wave function, but also by a
Hartree—Fock or an MC-SCF wave function.

It is generally easier to find a wave function that satisfies (3.8) than (3.7). It
therefore makes sense to try first to satisfy (3.8) before in a second step one tries
to improve ¥ such that it satisfies (3.7) as well. Often one will be able to satisfy
(3.8) exactly, but (3.7) only approximately. This leads then to some unbalance
between the treatment of one-particle transformations and transformations of
higher-particle rank, which is very characteristic for many-electron theory. This
unbalance causes problems in particular if in addition to the electron interaction
another perturbation is present, i.e. in the theory of correlation corrections to
properties (see Sects. 12, 13).

Of course, for spin-independent problems we may replace the operators
(3.4a) by their spinfree counterparts [5]

E$, EX5, E3T%, etc. (3.4b)

with E9 defined by (3.3b) and the higher order excitation operator analogously.
Here we shall only argue on spin-orbital level, so we don’t need special names for
the Lie algebras generated by (3.3b) or (3.4b) respectively.

The Lie algebra £ generates the variational group of full CI. One
important subalgebra has already been mentioned, namely that #{ of all
one-particle excitations. Other subalgebras of % are generated by the opera-
tors of type (3.4a) defined for a subspace of the chosen space of spin-orbitals. In
MC-SCF theory the subalgebra corresponding to excitations within the space of
active spin-orbitals plays an important role (see Sect. 5 and I. Sect. 8).

We are especially interested in properties. To describe them we need an
additional term uQ to the Hamiltonian and we require that (3.7) holds for

H(w) = H + pQ (3.9)

We shall henceforth use the symbol H for the full Hamiltonian (including the
electron interaction) in the absence of the external field. The Hamiltonian
including uQ will be referred to as H(u).
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4. Coupled Hartree—Fock and uncoupled Hartree—Fock

Like Hartree—Fock theory is by definition the best treatment of a many-electron
system in the framework of an independent-particle model — i.e. with complete
neglect of electron correlation effects, coupled Hartree—Fock is in the same sense
the best independent particle method for properties and hence the reference with
respect to which correlation effects are defined.

A short outline of coupled Hartree—Fock has therefore to precede the
treatment of correlation effects.

The main interest in this section is not to give a new derivation of Hartree—
Fock and coupled Hartree—Fock theory, but rather to show in some detail how
one arrives from the general Lie algebraic formulation of the variation principle
and of stationary perturbation theory, by explicit insertions of a basis of the
relevant Lie algebra, at working equations that can be used for computations.
This is rather easily done in the present context, but can hardly be worked out
in full length in the more complicated situations of later sections.

A formulation of Hartree—Fock theory essentially in the spirit of the present
approach has probably first been given by Hinze and Roothaan [10] as well as
Levy and Berthier [11].

What we want is to satisfy (3.8) for H(u) given by (3.9) and H by (3.1). The
formalism of I. Sect. 4 applies directly. We search for an unperturbed wave
function ¥, and a perturbing operator Y(u) such that the p-dependent trial wave
function is of the form (2.4, 2.5¢). We call the external perturbation uf, because
AV will be reserved for the electron interaction as perturbation. The Hartree—
Fock wave function is determined by the condition (2.6a) and the Ist order
operator Y; by (2.6b). The lowest orders of the energy are given by (2.7).

The reference wave function which we optimize by applying a one-particle
transformation is usually a single Slater determinant, but we can also consider
the more general case that it is a linear combination of Slater determinants with
fixed coefficients (e.g. by symmetry).

Explicitly we get for (2.7a) (subscripts on E count orders in p)

By = by +2gli (4.1)

where y and I' are the (unperturbed) one- and two-particles density matrices
respectively

yE= <To,aZ|lPo>; 7= <Wo|alr7sqlq’o> (4.2)
The Brillouin condition (2.6a) becomes
CYollH, ail| o> = hyyi —yihi +ghln kgl =0 (4.3)

In the special casc of ¥, a single Slater determinant, considerable simplifications
arise

yh =0d4n,; 2y = (6267 —626¢)m,n,; n,=0or1 (44)
Eo = hjn, +385m,n, (4.5)
g =g1—g% (4.6)

provided, of course, that the basis functions y, used in (3.1, 2) are chosen so that
the spin orbitals occupied in ¥, are a subset of the basis. The stationary
condition (4.3) can then be formulated as

ﬂ(nr - ns) =0 (473,)
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with the matrix elements of the Fock operator

fi=hi+gum, (4.7b)
and n, the occupation number (equal to 0 or 1) or the spin orbital ¥,.
An alternative formulation [7, 8] is
[ £ Z] =0 (4.7¢)

i.e. that the matrix representation of the Fock operator (4.7b) commutes with the
one-particle density matrix (4.2). f and y must hence have the same eigenfunc-

tions. This justifies an iterative method, where one starts with some y, constructs
from it a new f, from its eigenfunctions a new y etc. until self-consistency, as is

usually done in closed-shell Hartree—Fock calculations.

We shall henceforth use the labels i/, k,... for occupied spin orbitals
(n,=1)and a, b, ¢, . .. for unoccupied ones (n, =0) p, g, r, . . . for arbitrary ones
(in Sect. 5 we further introduce x, y, z, . . . for partially occupied spin orbitals).
Then we can write the Brillouin condition (4.7a) as

fo=ft=0 (4.7d)

Since occupied and unoccupied spin orbitals don’t interact, we can choose a set
of occupied and unoccupied orbitals such that

fr =¢,08 (4.7¢)

i.e. that the Fock operator is diagonal. We shall make this choice.

We now consider a Hamiltonian including the external perturbation ug, i.e.
we switch to coupled Hartree—Fock theory (CHF). The first order energy (in
powers of ) is in view of (2.7b)

E = <T0|Q|lp0> (4.8a)

We shall assume that Q is a one-electron operator (for this choice coupled-
Hartree—Fock-approximation is usually applied)

Q = wha} (4.9a)
E, = won, = 0} (4.9b)

In order to get E, and E,, the linear system (2.11b) has to be solved, with H,
given by (2.12b) and ¥V, by (2.13). The basis operators X, are now of the form
aj, i.e. each index k has to be replaced by a pair of indices p,q. We take
X, =a?; X,=a., then (2.11b) becomes

HY b* + Q% =0 (4.10)
with
Q1 = — (P12, ab]| Pod = 02ys, — 0yt = wh(n, —n,)  (411)

H, = Wollas,, (H, al || Yoy = hiyyt — Ouhiyys, — dihiyy + hiyl, + 8T 7,
+gh L, —0ughl L, gl — gl o —0u8ml % +8m I +8mlh,
(4.12a)
One sees that

H, =H.,;, Hjy=(H])* (4.13)
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For the special case that P, is a single Slater determinant, the expression (4.12a)
simplifies greatly. One can derive this by inserting (4.4) into (4.12a), but it is
easier to proceed as shown in the appendix by using the particle-hole formalism

HY, =L S, — 6.1, —n,) + &3, (n, —n)n, —n,) (4.12b)
For the choice (4.7¢) this reduces to
sztu = 52554/(& - 8u)(nu - nt) + glv)vtu(nu - nt)(nv - nw) (412C)

or with the convention i, j, k£ for occupied spin orbitals and a, b, ¢ for empty
ones, the only nonvanishing elements are:

H; = 6104(e, — &) + &4 (4.14a)
Hy =g} (4.14b)

For the ‘overlap matrix’ 4, that plays a role in the RPA approach (see 1. Sect.
6.3) one gets

A%, =< Wollas, ai]|¥o> = 0,v% — iyl = 00,0u(m, —n)  (4.158)

A4 =1; A% =—1 (4.15b)
The linear system of Eqs. (4.10) becomes for the general case
Higb:, + HEb? + Q) =0 (4.16a)
HYbl + Hibi + Q2 =0 (4.16b)
Noting that Q% = —(2})* and using (4.11) one sees immediately that
bi = —(b)* (4.17)

and that it is sufficient to solve only one of the two Egs. (4.16). Inserting the
explicit expressions (4.12c) and (4.11) into (4.16a) we get

(& — 2)bh = 0} + Ehibl — habt (418)

It is convenient to solve this system iteratively, ignoring the coupling via g on the
r.h.s. in the first iteration and using the n—¢ iteration of the » on the r.h.s. in
(4.18) to get those of the (n + 1)st iteration. Complete neglect of these coupling
terms defines ‘uncoupled Hartree—Fock’. We come back to this approximation
at the end of this section.

When self-consistency is reached for the system (4.18), the second order
energy is obtained according to (2.7¢) as

E, =%<'PO,[Q’ Yl]l Vo) = %w{,’b;yf - %w‘,’b;y; =Re w{b} (4.19)

We have used here the formulation in terms of spin-orbitals, the spinfree
formulation (to be preferred in practice) is only slightly more complicated.

In 1. Sect. 7 it was pointed that there is some difference in the formalism for
real and for imaginary perturbations. If Q is real (imaginary), also Y is real
(imaginary) and this means that

bl =b¢ for Q real (4.20a)
bl = —b? for Q2 imaginary (4.20b)

One can then write (4.18) as
(& — &)} = o, + (8% — g4)bL  for Q real (4.21a)

(& — &b}, = ), + (& + &4,)b., for Q imaginary (4.21b)
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For the third order energy we get from (2.7d) a sum of the expectation values of
a triple and a double commutator. The expectation value of the triple commuta-
tor vanishes because for an Y; of the form

Y, =b% +bia? (4.22)
no fully contracted diagrams for the H given by (3.1) can be constructed. So we
are left with the double commutator (see the appendix)

Ey= %<.PO‘[['Qa Y], Y1]| Yo = %{w{b]"b; - (Ugb?biz - wfibébi-’ + w,lbjab;l}
= Re{w/b?b}, — wib?b}} (4.23)
An important feature of closed-shell Hartree—Fock theory is that there is a

one-electron operator of which the Hartree—Fock function @ is eigenfunction
with the eigenvalue Eg, namely

Hyr = a3 480 (4.24)

This will turn out important in later sections where the Hamiltonian H will be
decomposed as (with V' sometimes called ‘fluctuation potential’)

H=Hg+V (4.25)

The relation between Hy and H is particularly transparent if we formulate both
in the particle-hole formalism (see the appendix) in which excitation operators
carry a tilde

H = Ey, + f2as + 3gbear, (4.26a)
Eyr= hi + %EZ =ﬂ - %EZ (4-26b)
Hup = £33 +fi =18} (4-26c)

V= Epe—fi+ 380 + g0y, = 1greay,
=38y, + (fy = hpag +38] (4.26d)

If one considers that H, treats the average electron interaction, one can argue
that one may replace the correct y-dependent Hamiltonian (3.9) by the Hamilto-
nian

Hyr + 10 (4.27)

in order to describe the property 2 with an average electron interaction taken
care of. This philosophy leads to uncoupled Hartree—Fock theory (UCHF).
Note that the abbreviation UHF cannot be used since this is usually interpreted
as ‘unrestricted Hartree—Fock’. The drawback of this approach is that stationar-
ity of (Wo|Hpr+pR|¥,> as function of u does not imply stationarity of
(Wo|H + pR| P, ). This is only implied in the limit 4 — 0. One hence ignores that
the presence of puQ has an effect on the electron interaction, even the averaged
one.
As to an early discussion of CHF and UCHF see [9].

5. MC-SCF and coupled MC-SCF

In the MC-SCF theory we have to consider two variational groups ¢, and %,,
both of which are subgroups of the full-CI group ¢®. The Lie algebra &%, is



52 W. Kutzelnigg

Z D with elements (3.3a) as in Hartree—Fock theory while the Lie algebra %, of
%, is that of the shift operators

Py =]¢,><s,] (5.1)

corresponding to CI in the active space. In the case of CAS-SCF — which we
mainly consider — an equivalent basis of this Lie algebra is

{a,a,.. }P

-, M (5.2)
i.e. a basis of the same type as £ but defined in terms of the subset of active
spin orbitals with occupation number between 0 and 1, labelled x, y, z, . . .. This
basis is not given at the outset, but only in terms of the stationary condition for
the unperturbed wave function. We follow the formalism of I. Sect. 8, where it
is important to define the order in which operators of the two groups are
applied. For mixed commutators one must always first commute H with a
element of %, = %V then of &, with basis (5.1) or (5.2). The MC-SCF wave
function ¥, must satisfy the stationarity condition (2.3) for operators X both in
&, and &,. For an iterative construction of ¥, (see I. Sect. 8) we start from a
trial function @ and formulate ¥, as

Po=e"®; o= cPXP+> cPXP; XP e, XPe¥, (53
% %

The linear system to be solved in the first Newton—Raphson cycle for the
determination of the ¢{” is then

S (HEVe? + HPe) + HP =0 (5.42)
7
Y (HG e + HPe®) + HP =0 (5.4b)
7
with
HY = (O|[H, XP)|0% XP e 2;5)=1,2 (59)

Hp =(@[IH, X, Xl @) X0, XD e XP,XPe¥, (563
H{P =(O[H, X{'L XP)| @) = HEV; X[PeZ.,.XPe¥, (56b)

Note that in mixed double commutators, H must first be commuted with an
element of &,.

In terms of @ and the coefficients ¢{? obtained in the first iteration cycle from
(5.4) one constructs by the recipe (5.3) a better approximation &,, inserts this for
@ in (5.5, 6) to get new coefficients from (5.4) and proceeds until self consistency.
If & was sufficiently close to the desired ¥, this scheme converges quadratically.

Having so solved the unperturbed problem one can switch to coupled
MC-SCF, i.e. solve (2.6b) for Y;, with Y, expanded in analogy to (5.3) as

Y, =Y bOX® + Y bPXP; XPe#;XP e, (5.7)
k k

One gets a system of equations very much like (5.4), just with H{® and H{
replaced by QP and Q, and @ in (5.3) replaced by ¥,. We can write this in

block form as .
HAD a2\ /pM) oM
(ﬁ(lz)‘r E(2z)><5(2)> + <9(2)> =0 (5.8)
with

QY = <q/0|[g, Xl(cj)”ql0>§ X e, (5.9)



Stationary perturbation theory II 53

For the second order energy we obtain
E® = Re{l;(‘)é(” + 5(2)55(2)} (5.10)

It consists of an orbital-rotation- and a CI component.

The formalism just outlined is very compact. It becomes more lengthy if one
inserts the explicit expressions for the matrix elements (5.5) and (5.6). For the
matrix elements (5.6a) of the Hessean for j = 1 we can use the general expression
(4.12a), of course, without the simplifications that only hold for a single
Slater-determinant reference function.

For the matrix elements (5.6a) with j =2 one gets

(P(LH, Pl Posl| @) = 6,, P |H|$, >, | P> — <P |, )<, |H|¢, X, | P>
— LD $e 2Py |H| 4. >, | + 8, <P, >, [H| P> (5.11)

A considerable 31mp11ﬁcat10n arises (see I. Appendix B) if the ¢, are so chosen
that {¢,|H|¢,> is diagonal and that & is identical with one of the ¢,. The
matrix elements of type (5.6b)

(D|[[H, af), P,ol| @) =(P|H, a5]|$, (¢, | P> —{P|, XD, |[H, af]| P> (5.12)

can be evaluated by means of (4.3) just with the density matrix elements y, I'%
replaced by the corresponding transition density matrix elements.

Most MC-SCF methods in current use [12, 13] follow essentially the general
scheme outlined here, while there is relatively little discussion on coupled
MC-SCF in the literature [14].

6. Iterative construction of a full-CI wave function

In Sects. 6 and 10 we study a Hamiltonian H in the absence of an external
perturbation. We use the notation that ¢ is an uncorrelated wave function and
¥ the full-CI wave function or an approximation to it. We call the perturbation
operator ¢ rather than Y, because Y will be reserved for the response to an
external perturbation uQ.
We know that a full-CI wave function satisfies the Brillouin condition

(Y|H,Z)|¥)=0, VZeZL® (6.1)
We remember that the Hartree—Fock wave function @, satisfies
<¢HF|[H’ X“¢'HF> =0, VZe 39) (6.2)

and that it can be constructed iteratively, starting from a trial function and
choosing the ansatz (2.9) with ¢ € V. This suggests to proceed for (6.1) in a
similar way. We choose a trial function & and construct a new function
(7,8, 15,16]

Y=e®;, 0= ¢Z (6.3)
%
and determine the coefficients ¢, such that the expectation value (¥ |H | is
made stationary, i.e. that (6.1) is satisfied.
0=<(P|e °[H, Z]e°|D)
= (@ [H, Z,] +[IH, Z], 6] +3[[lH, Z/], 6], 6] + - - - | & (6.4)
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Insertion of the expansion (6.3) into (6.4) leads to a non-linear system of
equations for the c;. If the trial function @ was sufficiently well chosen, |o | will
be small and the |c,| will be small and it will be a good approximation to
linearize the system (6.4), i.e. to solve [7, 8, 15, 16]

(D[ H, Zk]|¢>+;Cz<¢l[[H, Z),Z]|95=0 (6.5)

Using these ¢; = ¢{? we construct via (6.3) a new trial function @ and we solve
the system (6.5), with @ replaced by ®@®, If the scheme converges, it does so
quadratically and finally approaches the full-CI function ¥.

There is a significant difference with respect to quadratically convergent SCF
or MC-SCF (see Sect. 5), that can be formulated in the same way. In SCF @ is
a single Slater determinant, and ¢°® will be a single Slater determinant again (in
MC-SCF the number of determinants in the expansion will remain unchanged),
while now starting from a single Slater determinant @, the new function ¢® will
be a complicated linear combination of determinants. Before we develop a
general strategy for the iterative construction of the full-CI wave function we
consider some questions of general interest.

The first question is the choice of the reference function ¢. One possibility
(a) is to take @ as the appropriate eigenfunction of the bare nuclear Hamiltonian
(this is, by the way, often done in Hartree—Fock theory as iteration start). The
other one (b) consists in choosing the Hartree—Fock wave function &, as
reference. ,

The difference between the two choices is obvious. In case (a) one never
discriminates between X € £ and Z ¢ ¥ O, one treats all Z € %™ on the same
level, in case (b) one first takes only X € £ until (6.2) is satisfied and one
worries only then about the Z ¢ #®. Since — as we shall see — the treatment of
Z ¢ W is usually possible only approximatively, choice (b) has the advantage
that at least single excitations are — to some extent — treated exactly, but at the
same time the drawback that single and higher excitations are taken care of in an
unbalanced way.

There is also a third possibility, namely to choose the ‘best-overlap’ or
Brueckner determinant as reference. This does not make much sense as starting
point for perturbation theory, but has advantages in the nonperturbative con-
text. For details see Sect. 10.

Another choice that one has to make, is whether one wants to treat the
electron interaction perturbatively or in a nonperturbative way. Perturbation
theory has the advantage that the ordering in powers of the perturbation
parameter simplifies the resulting equations to the extent that one does not have
to worry about additional simplifications, as is necessary in the nonperturbative
approach. On the other hand, the perturbation expansion may not converge and
low-order perturbation theory may lead to poor results.

Since perturbation theory is somewhat simpler we discuss this first (Sects. 7
and 8), before we take up the idea of a nonperturbative approach (Sect. 9).

7. Unitary formulation of many-body perturbation theory (MBPT)
and Moller—Plesset perturbation theory (MP)

It is not the aim of this section to give a new derivation of many-body
perturbation theory (MBPT), but rather to demonstrate that even MBPT (in a
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finite one-electron basis) fits into the general framework of stationary perturba-
tion theory and that its derivation in this context is relatively simple. Most
important for us is the relation to the nonperturbative approach in the same
context (Sect. 8). The present derivation of MBPT shares with that from coupled
cluster theory [17, 18] that the Lie algebraic structure makes the connectedness of
the expansion (keyword linked-cluster theorem) immediately obvious and that
diagrams are not needed for a general presentation of the theory, although they
are useful for the illustration of particular terms. As to a recent historical-criti-
cal review on MBPT the reader is referred to [19].

We want to treat the A-dependent Hamiltonian

H,=Hy+ .V (7.1)
—htal;  V=1lgian (7.2)

by means of stationary perturbatlon theory. The perturbation parameter A is
only formal and will be set equal to 1 at the end, but it serves to define orders
in perturbation theory.

The variational group is obviously that of full CI (see Sect. 3) with the Lie
algebra £®,_ if we consider n-particle states. The unperturbed Brillouin condi-
tion (2.6a) is trivially fulfilled for Z operators of higher particle excitation rank
than 1. We need only consider the nontrivial conditions

(Po|lHy, agl|Po) = hiyy —hyyi =0 (7.3)

Obviously (7.3) implies that 2 and y commute, i.e. have common eigenfunc-
tions. We hence first diagonalize A, i.e., the matrix representation of the one-
electron Hamiltonian H, in the given basis {y,}

hict =e.c?; L =ck (74
Xp

We then construct the Slater determinant ¥, from the ¥, corresponding to the
lowest one-electron energies e, in the sense of the aufbau principle and express
the Hamiltonian in terms of the y, and the corresponding excitation operators
such that

H,=e,a} (7.5

For the Oth and ist order energy (in orders of 1) we get (summation over i)
E,=¢ (7.6a)
By =Wo|V|¥o)> =138} (7.6b)

Next we have to satisfy the condition (2.6b) for ¢, (as to the choice of the
symbol ¢ rather than Y see the remark on the beginning of Sect. 6), or the
linear system of equations (2.11b) for ¢, expanded in the form (2.10), with
H,, given by (2.12b) and V, by (2.13). Since V' is a two electron operator
the V, vanish for X, an excitation operator of excitation rank other than 1
or 2.

It is convenient to introduce the particle-hole formalism [20] (see the
appendix) with

Hy=e,d5 +e; (7.7a)
V =grlay +3hal — 58l (7.7b)
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Then
Vp —thu<¥l0’ s ap]llp0> +g <T0|[ar: ap I'P0> gis(n _nq) (7 88.)
qu=§ng<T0' 1[;;:1/’ ~ I'I/0>+g <q’0|az=dfsq ['PO
= {gPa(6289620Y +6509540Y) —gha (62556507 +028695267%)}

x {nn (1 —n,)(1—n,) —n,n,(1—n,)1—n,)} (7.8b)

The only nonvanishing matrix elements of type (7,8) are
ve=g¥, Vi=—gl (7.9a)
Vi =gy, Vi =-28Y (7.9b)

To construct the matrix elements of the Hessean in terms of the corresponding
basic operators we note that

[Hy, al] = (e, —e,)al; [Ho, @51 =(e, +e,—e, —e,)dp, (7.10)
(Wollasg, [Hy, @1| o) = (e, — e)(n, —n,)d,, 5" (7.11a)

(Wollard, [Ho, apll|¥o) = (e, + e, —e, —e,)(0;0% — 8;6{)(053%, — 64,67
x {m,n, (1 —n)1—n,)—nn(l—n)1—-n,)} (7.11b)

Couplings between single and double excitations vanish.
The only non-vanishing matrix elements of the Hessean are hence

CWolld, [ Ho,d‘-’]]l%>=ea—e,- (7.12a)
Pollag, [Hy, &> =e,—¢ (7.12b)
(Wollds?, [Hy, 1) Wo) =e.+ e —e;—e (7.12c)
CWoll@ly, [Ho, TN Wo)> =ea+ e, — e —¢ (7.12d)
Since the Hessean is diagonal, the solution of the linear system (2.11b) is trivial
b =(e,—e) 'g¥ = —(b))* (7.13a)
by =(e,+e,—e—e) 7' g0 = —(b%)* (7.13b)
In the expansion of ¢ one must, of course, take care that
ag = -a¢ =—ay=ay (7.13¢c)

i.e. that a non-redundant basis is given for i <j, a < b. For the 2nd order energy
one gets

E2=(ei a)_llgz]]2+ Z Z (e +e eb)_l'g IZ (714)
i<ja<b
Higher orders of ¢ and E are obtained in a straightforward way. The results are
in agreement with what one gets from the traditional derivation of MBPT, which
is usually not done in a stationary context, but under the assumption that the
unperturbed problem is solved exactly. The same diagrams can be used to
represent the results. However, the use of diagrams is neither necessary to
formulate nor to understand the theory. The Lie-algebraic structure of the theory
guarantees that only connected diagrams contribute.
To second order in o, i.e. for o, triple excitations appear, which are needed
for the evaluation of E, and Ej;.
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The main message of the first part of this section is that MBPT or more
precisely the perturbation expansion of full CI can be derived in the framework
of stationary perturbation theory and satisfies hence all theorems that hold in
this framework.

We now want to switch from classical MBPT to MP. We no longer treat the
entire electron interaction by perturbation theory, but we take a part of it to
infinite order in A, namely that part which can be described by a one-particle
transformation, for which a treatment to infinite order is rather simple. So rather
than to require that the Brillouin condition

CP(A)|[Ho+ AV, Z1P(A)) =0, VZeZLD (7.15)
holds order by order in A, we now try first to satisfy
(PolHo+ V, X1|¥>=0; VXeZP (7.16)

in a non-expanded form, before we satisfy the counterpart of (7.15) for the
Z e %™ that are not elements of ¥, Equation (7.16) defines, of course,
Hartree—Fock theory, i.e. we can use the results of Sect. 4.

The distinction between MBPT and MP made here is not shared by all
authors in the field, but if there is a point in using the term MP as an alternative
to MBPT, this only makes sense if MP is regarded as based on Hartree—Fock as
Oth order reference and MBPT on the bare nuclear Hamiltonian [19]. There is a
need to distinguish these two situations, while there is no need at all to
discriminate — as is sometimes done — between a formulation in terms of dia-
grams (MBPT) or without diagrams (MP), since the theory is the same whether
or not one uses diagrams.

In order to treat that part of the electron interaction, not taken care of in
(7.16) — which is usually referred to as electron correlation —, we can use an
important property of closed-shell Hartree—Fock theory, namely that there is a
one-electron Hamiltonian H, defined by (4.26¢), that has the Hartree—Fock
wave function as eigenfunction and the Hartree~Fock energy E,; as eigenvalue.

Let @, be the Hartree— Fock wave function (a single Slater determinant).
The Oth order energy E, is, of course, equal to the Hartree—~Fock energy E,
given by (4.26b). The 1st order energy vanishes

By =@ pgp|V| @) =0 (7.17)

For the construction of E, and E; we need o, that is constructed in an analogous
way as in the beginning of this section.

Since V, in the particle-hole formulation, is a pure two-electron operator,
only two electron operators contribute to ¢,. We get

Y=Y, Y (bfal, +bhag (7.18)
i<ja<b

b = (e, +e, — & —g) T = —(bl)* (7.19)

E,=3(s + & — &, — eb)—1|gizjb | (7.20)

For the evaluation of E; we start from (2.7d). The expectation value of the triple
commutator vanishes, such that

Ey =@V, Y11, V\]|®) =3b%gidbsy + bl ghdy — blgsby (7.21)
Again the final results are formally the same as in traditional theory, which

indicates that MP can be justified in the framework of stationary perturbation
theory.
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As in the traditional formulation of MP, both single and triple excitations
contribute to o, as well as to E, and Ej;.

8. Stationary umitary coupled-cluster theory

We now want to take up the ideas of Sect. 6 to construct the full CI wave
function iteratively (rather than by perturbation theory as in Sect. 7).

Tt is convenient to perform first a Hartree—Fock calculation i.e. to construct
a wave function which satisfies (6.2). We then search for a wave function ¥ given
by (6.3) and we approximate the solution of (6.4) by that of (6.5).

Let us rewrite the linear system (6.5) as

Z Hye,= =Dy (8.1)
1

Since this is an iteration start there is no point in solving (8.1) exactly. It is
recommended to consider only those lines in (8.1) where D, # 0. Then, of course,
one must also limit the expansion (6.3) to these k such that the Hessean H
remains a quadratic (and regular) matrix. Obviously D, = 0 if Z, is an excitation
operator of particle rank higher than two (since the Hamiltonian does not
contain higher than two particle operators). But D, =0 also holds for one-parti-
cle operators due to the Brillouin condition. The Z, to be considered are hence
two particle excitation operators of the form

af, ay, (8.2)

We get the corresponding coefficients ¢Z, and cf? from the linear system of
equations (8.1) or (6.5) that is well known as the CEPA-0 system. It amounts to
making the truncated energy expression

E =(®|H +[H, o] +3l[H, d], 6]|@) (8.3)

stationary with respect to variation of ¢ (expanded in operators of type 8.2) [11].
When stationarity is achieved, an alternative expression equivalent to (8.3) is

E={P|H|®)+5{D|[H, d]|®) (8.4)

CEPA-0 is known under many names (for details see [21]), the oldest is probably
L-CPMET [22] (for linearized coupled-pair-many-electron theory). That CEPA-
0 is the first non-trivial approximation to a unitary coupled-cluster theory has
probably been first shown in [15].

CEPA-( is often a good approximation (at least in cases where @ is not
near-degenerate with some other state) and usually much better than 2nd order
perturbation theory. In fact (8.3) can also be derived via a partial summation of
certain terms of MP to infinite order.

To discuss the accuracy obtained in this first iteration and in subsequent
iterations we define the norm S = |o| of the correlation operator o. The
dominant ¢, obtained as solution of (8.1) are hence of O(S). In the next iteration
cycle contributions of higher order in S will be obtained.

The o constructed in the first iteration cycle will be called ¢V. In a
straightforward quadratically convergent iteration scheme the next step would be
to replace @ in (6.4) by

PD =ePp: W= Z cPZ, (8.5)
x
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It is perfectly in the spirit of a Newton—Raphson scheme to linearize this system
to (6.5) — of course with @ replaced by @@ and ¢, by c¢{®. However, the
HausdorfT expansion in powers of ¢ should not be truncated, which causes
problems since this expansion is infinite. In Hartree—Fock theory one is much
better off because the counterpart of @ can easily be obtained from @ by a
simple orbital rotation.

Fortunately there is an argument which allows us to truncate the Hausdorff
expansion in powers of ¢ in (6.4) without leaving the context of a quadratically
convergent scheme. The basis of this argument is the observation that expecta-
tion values of odd-order commutators of H with double excitation operators Z,,
of type (8.1)

(D|H, Zpl|®);  <P|lH, Zp], Z), Z5]|®> (8.6a)
are usually significantly smaller than even-order commutators
(PI[H, Z,), Zpl| @) (P|lH, Zb), Z5), Z5), Z5l|@>  (8.6b)

In fact for the one-electron part H, of H, expectation values of type (8.6a)
vanish. Of the two-electron part only exchange-type integrals contribute to these
matrix elements. This argument is valid as long as no excited configuration is
near-degenerate with the leading configuration, because then expectation values
(8.6b) which involve energy differences, can become small. This case has to be
avoided (we come back to this later). On the same argument also the validity of
perturbation theory is based.

The norm S of the correlation operator ¢ is dominated by the contribution
o) of two-particle operators to ¢ obtained in the first iteration cycle (we now
use the subscript D for double-excitation operators).

S=o|=|cP| (8.7)

Both the second and the third terms in (8.3) are of O(S?) with respect to the

reference energy (@ |H|® ), which becomes obvious if we remember that (8.3) is

equivalent to (8.4) for the o constructed from the CEPA-0 equations.
Consider now the matrix elements required in the 2nd iteration cycle

DP =(@|H, Z,)+H, Z] o V1 +3{[H, Z;), 6], 6V] +-- - | @) (8.82)
HR =3<@|[H, Z), Z,)) +[[[H, Z:), Z,), s V) +- - - [ @)
+ k and [ interchanged (8.8b)

Let us first consider the case that Z, and Z; are two-particle operators. As a
result of stationarity to 1st order (the CEPA-0 equations) the sum of the first
two terms in (8.8a) vanishes, and the leading term is the third one. This means
that the update ¢ of o, is smaller by O(S?) than the leading term ¢} of o .
To get ¢ correct to O(S®) it is sufficient to take the leading term and the next
term (Wthh is of the same order) of (8.8a) i.e.

D@ = @K{H, Z], 0], 0Vl +3[H, Zi], 6L, V), eV @)  (8.9)

and only the first term of (8.8b).

This second iteration cycle —so far limited to two particle operators
o &~ gp — corresponds to making the Hausdorff expansion to 4th order in o
stationary with respect to variation of a ¢ =g

Of course, in the 2nd iteration cycle also 1-particle (o), 3-particle (o) and
even 4-particle operators (o,) contribute, since they have non-vanishing D{.
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The importance of o5 and ¢, is comparable to that of the update of o, as far as
the energy is concerned, while for ¢ itself and hence for properties o is even more
important.

If we consider (8.8a) for a 1-particle or 3-particle operator, we see that the
1st term vanishes, but not the 2nd term and this means D, is of O(S?). The leading
contributions to og and ¢, (which start with ¢@ andf ¢) are of O(S?), i.e. one
order of S smaller than o,.

To get the o and o4 to the accuracy consistent with the 2nd iteration cycle
it is sufficient to take the leading (i.e. the 2nd) term in (8.8a) and the 1st term in
(8.8b). Since in the 2nd iteration cycle one gets o, correct to O(S®) one might
wonder whether one should include more terms in (8.8) to get o5 and o5 to the
same accuracy. This is not necessary, since the argument related to (8.6) has to
be somewhat modified. If one single (or triple) excitation is involved expectation
values like

(OH, Zs), Zpl|®@);  <@|H, Zs), Zp), Zp), Zp| P> (8.102)
are usually smaller by one order of S than
(BIH, Zs), Zp), Zp]|P) etc. (8.10b)

This means that inclusion of the next term in (8.8a) would improve o or o, by
something of O(S*) which is beyond the accuracy achieved for 6, in the 2nd cycle.

As far as the contributions to the energy are concerned, the leading terms o3
and ¢® of o5 and o, have an effect of the same order as the update ¢@ of ¢,
namely of O(S*), since 65 and o, don’t interact directly with @.

For ¢, in the 2nd iteration cycle the first two terms in (8.8a) vanish, hence
the leading contribution is of O(S?) like ¢, so it should be included if we want
¢ to this accuracy. Of course, the contribution to the energy is only of O(S?),
which justifies to neglect 6, in the 2nd iteration cycle.

To have a quadratically convergent scheme it is sufficient in the first iteration
cycle to truncate the Hausdorff expansion of the energy at terms quadratic in ¢
and to limit ¢ to ¢, in the 2nd cycle one has to include up to terms of 4th order
in ¢ and to include up to triple excitations, i.e. to consider o, 6, 04, and in the
3rd cycle terms to 8th order in ¢ etc.

If we are interested in ¢ (or via ¢ in properties) rather than in E, it may be
recommended to include only g and o (for one-electron properties only o) in
the 2nd iteration cycle.

While the 2nd iteration still looks feasible, the 3rd iteration appears hopeless.
One must rather try to achieve that the convergence is so fast that stopping after
the 2nd or even the 1st iteration leads to sufficiently accurate result. This is the
case if S is sufficiently small.

Let e.g. S ~ 0.1, then the correlation energy E,,,, is ~1% of E;, the error of
the 1st iteration (CEPA-0) is ~1% of E,,, or ~0.01% of E,, the error of the
second iteration 0.01% of E . or ~10~% E,. This is certainly satisfactory.
However, if S ~ 0.3, we get an error of ~ 10% of E,,,, in the Ist iteration and
~1% of E,,, in the second iteration. This is at the limit of what is tolerable.

In typical cases of only dynamic correlation there are many double excitations
with comparable, but small coefficients. Then the present scheme should work.
Non-dynamical correlation is characterized by a single or a few double excitations
with relatively large coefficients. It is then recommended to deal with these
excitations not in an iterative way, but rather in a closed form to infinite order,
i.e. by full Cl in a limited basis.
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A possible recipe is hence as follows. One first performs a CEPA-0 calcula-
tion and determines the natural orbitals of the CEPA-0 wave function. One
checks whether the occupation numbers of all virtual orbitals are sufficiently
small. In this case one either stops or goes to the 2nd iteration. If there are
weakly occupied NOs with too large occupation number one performs next a
CAS-SCF calculation with these orbitals as active. Then one performs a new
iterative coupled cluster calculation based on MC-SCF as described in Sect. 11.

There may be cases where the first iteration cycle, i.e., CEPA-0 is not
accurate enough, but where the 2nd cycle is too tedious.

While the first iteration cycle gives the energy correct to O(S?), the energy
after the 2nd iteration cycle is correct to O(S*). One might want to have a
scheme where the energy is correct to O(S®). It does not appear possible to
achieve this ‘intermediate accuracy’ in the framework of a Newton—Raphson
type iterative scheme towards the construction of the full CI wave function. On
the other hand methods in current use like the CC-D, or CC-SD approaches
(coupled-cluster with double excitations or with single and double excitations)
[22, 23] or their simplifications like CEPA (coupled electron pair approxima-
tion) [24] or ‘quadratic CI’ [25] achieve just this type of accuracy. However,
these methods are not related to a stationarity condition as considered in the
present paper. That even CC methods satisfy some kind of stationarity condi-
tion has recently been analyzed in detail [21, 26].

To switch to conventional coupled cluster theory would, to a large ex-
tent, destroy the present philosophy. However, one can try to sum certain
important contributions to infinite order in o, in such a way that this leads
only to a slight modification of the CEPA-0 functional. It has been shown
that on these lines the CPF (coupled pair functional) method [27] can be
justified [21].

Note that g5 and o, are relatively unimportant for the energy, but very
important for properties (at least og), so that a strategy which is good for the
energy need not be good for properties (see Sects. 11, 14, 15).

An interesting possibility to formulate a theory correct to O(S?) - and to
other arbitrary orders — is inspired by the unitary coupled-cluster approach
UCC(k) of Bartlett and Noga [28]. Here one also makes a truncated Hausdorff
expansion of the stationary with respect to variation of ¢. However, in the last
term one replaces H by Hyp. So the functionals for the 2nd, 3rd and fourth
order in ¢ are respectively

(P |H +[H, o] +3[[Hyp, 0], 6| D) (8.11a)
(P |H +[H, 6] +3[[H, o], 6] + :[[Hug, 0, 6], 61| @) (8.11b)
(®|H +[H, 0] +3[[H, o], 6] +¢[[[H, o], 6], 6] + %[[[Hxr, 01, 0], 6], 6]| @) (8.11¢)

This hierarchy of approximations is reminiscent of MP perturbation theory,
since one partitions H into Hy, and V and truncates the expansion of H, at
the higher order than that of V. In fact (8.11a) is just the Hylleraas functional
for MP theory to 2nd order. (8.11b) is practically identical with CEPA-0. For ¢
limited to o, the triple commutator vanishes and (8.11b) is CEPA-0; if o
and/or ¢ are included there are some very small contributions from the triple
commutator.

Obviously (8.11c) is the desired functional, which is correct to O(S?),
i.e. intermediate between the first and the second iteration in our iterative
approach.
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9. Brueckner orbitals and the Brillouin—Brueckner condition

In Meller—Plesset perturbation theory (MP) the Brillouin condition of Hartree—
Fock theory plays a central role (see Sect. 7). It guarantees (a) that the
first-order correction E; to the energy vanishes and that (b) to the first-order
correlation operator ¢, only double excitations contribute and that hence (c)
only double excitations contribute to the second and third order E, and E;.

Although the non-perturbative treatment of Sect. 8 was also based on a
Hartree—Fock reference function, no rigorous consequences resulted from this fact,
only plausibility arguments, e.g. that double excitations dominate and that in the
first iteration cycle it is sufficient to replace o by 6,. What we have used is that
with a Hartree—Fock reference function the norm S of ||o || is sufficiently small,
such that a Newton—Raphson type iterative scheme is possible, and that in some
cases even the first iteration cycle may be sufficient. There is, however, no theorem
which tells us that in this respect the Hartree—Fock reference is the best choice.

A well-known alternative to Hartree—Fock is to take that particular one-
particle reference function @ that has maximum overlap with the exact wave
function ¥ (for both ¢ and ¥ normalized to unity). The formal solution to this
problem has been given long ago [29, 30]. We repeat it here in our formalism.
We apply an infinitesimal unitary one-particle transformation to @

PP =e*b; XecPW® (9.1)

and require that the overlap integral <d>|‘P> is stationary with respect to the
transformation (9.1). This is the case if

(BIX|Ty=(P|Xe|®)=0; VXeL® 9.2)

Since X is a one-particle excitation operator, this means that single excitations
X with respect to @ are not contained in ¥, i.e. that the operator U = e° which
transforms @ to ¥ does not contain single excitations.

The single Slater-dominant wave function ¢ which satisfies (9.2) is called the
‘best-overlap’ or ‘Brueckner’ determinant [29], and the spin-orbitals from which
@ is build up are called Brueckner orbitals.

Before we investigate how to construct the Brueckner orbitals, we have to
ask whether we really want to satisfy (9.2). In fact (9.2) involves the full wave
operator e? which is non-separable. We know, however, that many-body theory
should be formulated in terms of separable quantities only. If one thinks a little bit,
one finds out that what one wants is that the correlation operator ¢ does not
contain single excitations, i.e.

(®|Xo|®Y=0, VXeL® (9.3)

The two conditions (9.2) and (9.3) are not equivalent. Consider e.g. that ¢
consists of two-particle and three-particle operators. Then o2 contains also single
excitations as products of 3 particle excitations and two-particle deexcitations.

Now the question arises why it has not yet been observed that (9.3) is a
better condition than (9.2). The answer is that the concept of a Brueckner
determinant has mainly been used in connection with wave functions ¥ = ¢°® in
intermediate rather than unitary normalization. In this case S consists only of
excitation and no deexcitation operators and (9.3) with ¢ replaced by S implies
(9.2) with ¢ replaced by S. On the other hand stationarity conditions like (9.3)
fit much better into the context of a stationary approach than a non-stationary
one as in the case of the intermediate normalization.
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If one knows o, it is relatively easy to construct the Brueckner determinant
by the requirement (9.3). Of course, if one knows the exact o, there is no real
need for this and if ¢ is only approximate, this may not be very helpful. Let o,
e.g., be determined from CEPA-0, such that it contains no single excitations. In
this case (9.3) is satisfied for &, and we can’t improve this.

Another more constructive approach is as follows. We take the CEPA-0
functional that we want to minimize, but we do not only want to minimize it
with respect to variations of ¢ but also with respect to variations of the reference
function. We argue that the ¢ should be expressed in terms of the orbitals
occupied or unoccupied in the improved reference function i.e. that e” should be
applied to e°® rather than to @, we hence take the functional

(Ble YHe Y +[e YHe", 0] +3lle " "He", 0], 6]|®) (9.9

For an optimized ¢ we have Y = 0 and the stationarity condition with respect to
variation of Y is

(PIH, X] +[[H, X], 6] +3[[[H, X], 6], 6]|®>=0; VXe F" (9.5)

We call this the Brillouin—Brueckner condition (more precisely: to 2nd order in
o —or at CEPA-0 level). For an iterative solution of (9.5) we linearize the
stationarity condition for the functional (9.4) after expansion in powers of Y to

(P|H, X]+[H, X], Y] +[[H, X] +[H, X], Y], 0]

The nice thing is that whenever one has constructed Y, one can immediately
absorb it into a new &. Condition for stationarity with respect to variation of o
is

(P|[H, Z] +1[[H, o1, Z] +3[lH, Z], 0]|®) =0 (9.7)

In the very beginning we neither know Y nor ¢, so we set them equal to 0, and
we only have an arbitrary reference function @. For o =0, (9.5) becomes just the
Brillouin theorem of Hartree—Fock theory, i.e. we determine & as Hartree—Fock
function. We enter with & into (9.7), which is the CEPA-0 system discussed in
Sect. 8 from which we get o. With this ¢ we enter (9.6) and get a new Y and from
this a new @ and so forth.

Remember that in the discussion of CEPA-0 in Sect. 8 we have argued that
single excitations don’t contribute to ¢ in the st iteration cycle because for these
in (6.5) the first term is zero due to the Brillouin theorem. Now we can argue that
due to the Brillouin—Brueckner condition (9.5) the matrix element D, given by
(8.8a) is for X € £V of O(S®) and ¢ does not contribute in the 2nd iteration
cycle. So for @ determined by (9.4) single excitations in ¢ can be neglected entirely
in the 2nd iteration cycle. They have been absorbed into the reference function.

If we don’t truncate the Hausdorff expansion in powers of ¢, condition (9.5)
implies that ¢ does not contain single particle excitations, i.e. a5 =0.

10. Stationary unitary coupled-cluster theory based
on a multiconfiguration reference function

We can apply the same philosophy as in Sects. 6 and 8, but now with respect to
a reference function of MC-SCF type. We hence want to satisfy (6.1) with @ in
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(6.2) an MC-SCF function. For the sake of simplicity we consider that it is of
CAS-SCF type. We label doubly occupied orbitals as i, j, k, active orbitals as
x,y,z and unoccupied orbitals as a, b,c. Our @ now not only satisfies the
Brillouin-condition (5.4a) but also the CI condition (5.4b).

We want to solve (6.4) and again we linearize to (6.5), i.e. we take a CEPA-0
like 1st iteration.

Like in the case of a closed-shell reference state we can argue that the
dominating contributions are those for which the first matrix element does not
vanish. Due to the Brillouin theorem single excitations described by af, af, a?
give vanishing matrix elements. The CI condition guarantees that fully internal
excitations like a%, a%, etc. don’t contribute. Also triple and higher excitations
involving at least three occupied or three virtual orbitals like afy* or aflS are
negligible. What we have to consider are (a) genuine double excitations of the
type

ay,af, ay,a®, a? (10.1)

(b) single excitations accompanied by internal excitations
a¥,al, a, al etc. (10.2)

(c) double excitations accompanied by internal excitations
af?, af etc. (10.3)

The problem with excitations of type (b), (c) is that their particle rank is
unlimited. Fortunately there is some redundancy and it is sufficient to consider
only conditional excitations (excitations with spectator line) such as

bx x abx bx,
aixaa%}xaaijx 3aix_}3}, e (104)

as well as excitations with spin flip (spin-polarization), where x« is excited to xp.
Instead of considering explicitly excitations of type (10.4) one may also consider
separate excitations from the Slater determinants ¢, that constitute the MC-SCF
reference function @.

Alternatively to (10.4) we may write the basis operator as

a?|$uXb,l, al|d,><Bul. - - (10.5)

i.e. as products of elements of %% with basis operator of type (5.1) which are
relevant in MC-SCF theory. Of course the choice (10.5) is equivalent to
considering excitations separately from the configurations contained in the
MC-SCF functions. In order to avoid that the number of basis operators of type
(10.5) becomes too large, one should try not make the MC-SCF-expansion
unnecessarily long.

The second iteration becomes rather complicated, because now all single and
triple excitations have to be included together with such excitations accompanied
by fully internal excitations of arbitrary rank.

We remember that in the single-determinant-reference case we have regarded
it as worthwhile to treat the single excitations in a privileged way, because they
can be taken care of to infinite order, and because the Hartree—Fock start has
privileged them anyway. This led to the construction of the Brueckner orbitals.
We can now proceed in the same way. However starting from MC-SCF — more
precisely from CAS-SCF — we have not only privileged single excitations but
also fully internal excitations, i.e. excitations within the active space. So we
should continue to do so, i.e. rather than perform an SCF-calculation in the
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presence of the most important correlation corrections we should now perform
an MC-SCF-calculation. In this way we not only get Brillouin—Brueckner
orbitals, both fully occupied and active, but also improved coefficients within the
MC-SCF function. If we had the exact Brueckner-MC-SCF this would not only
imply that single excitations don’t contribute to the exact wave function, but also
that the wave function cannot be improved by excitations within the active
space.

What one should strive at is to incorporate all excitations with relatively
large coefficients in the MC-SCF reference function, such that the norm S of the
residual ¢ is so small that the first iteration cycle is sufficient.

Like in the single-determinant reference case one can obtain a slight improve-
ment over CEPA-0 including explicitly single or triple excitations in the first
iteration and/or use partial summations of the o, contributions like in the ACPF
scheme [31].

11. Stationary many-body perturbation theory for properties.
Coupled and uncoupled MP-PT

We now want to study effects of electron correlation on properties, i.e. in
principle we want to perform full CI with a Hamiltonian that contains the
external perturbation uf. There are four main possibilities.

(a) we regard the electron interaction AV (or the residual interaction AV)
and uQ as two perturbations and apply double perturbation theory.

(b) we treat only uf by perturbation theory but take care of the electron
interaction in an iterative non-perturbative way.

(c¢) we use ‘finite perturbation theory’, i.e. we perform nonperturbative
calculations for some selected values of p and extrapolate to p =0.

(d) we treat AV by in powers of A but uQ in terms of ‘finite perturbation
theory’, e.g. we perform MP2 calculations for selected values of y and we
extrapolate to u =0.

In the double perturbative approaches of type (a) we have again the choice
between taking the bare-nuclear Hamiltonian or the Hartree—Fock Hamiltonian
as H,.

Finite perturbation theory of type (¢) does not need a special elaboration, the
arguments of Sects. §—10 can directly be used. It is particularly attractive that no
new theory is needed. A disadvantage is that finite perturbation theory is hardly
recommended for magnetic properties, where the Hamiltonian becomes complex
and everything has to be done in complex arithmetics. There are also fundamen-
tal problems with finite perturbation theory, since as we shall see (Sect. 15) it
does not satisfy a Hellmann—Feynman theorem. This has been known in
coupled-cluster theory [32], but is somewhat unexpected for a theory based on
stationarity of a well-defined functional.

Double perturbation theory is rather straightforward if one takes the bare
nuclear Hamiltonian H, as unperturbed and the full electron interaction V,
mulitiplied by 4 (which at the end is set equal to 1) as well as uQ as the two
perturbations, i.e. one chooses

HOG, p) = Hy+ AV + pQ (11.1)

Here one can directly apply the formalism of I. Sect. 5, that has briefly been
recapitulated in the introduction, see Eqs. (2.14—16). We just identify V' with V,,
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and Q with V,,. For E,, and E;, we get in view of (2.16) simple expectation
values. For E;; we either need Y, or Yy, the construction of E,, or Eg
requires Y, or Yy, respectively.

We are mainly interested in the case that € is a one-electron operator, given
by (4.9a). We get for the kth order property corresponding to Q

Qk :ZAlElk (112)
!

E,, is the respective property with complete neglect of the electron interaction,
E,, takes care of 1st order effects of the electron interaction etc.

Although this approach is straightforward, it is not recommended in atomic
or molecular calculations, because the full electron interaction is too large to be
treated as a perturbation, and convergence of the perturbation series is not
guaranteed. It is usually better to treat at least the average electron interaction
non-perturbatively, i.e. to use Mgller—Plesset perturbation theory for the elec-
tron correlation (see Sect. 7).

Unfortunately there is no unique way to generalize MP to a double perturba-
tion theory. This has the following reason. In MP theory the unperturbed
Hamiltonian H is based on a stationary condition for the expectation value
(P ]H |<15> with respect to one-praticle transformations. It looks straightforward
to base coupled MP-theory on coupled Hartree—Fock [34], where (@ |H + uQ|®)
is made stationary with respect to one-particle transformations.

This then defines an unperturbed Hamiltonian H (i), which is p-depen-
dent (and this not only due to the direct presence of uf, but also to the
u-dependence of the Coulomb and exchange operators). Consequently we also
get an effective electron interaction F(u) that is pu-dependent. To define MP
theory we multiply ¥(x) by A (which at the end is set equal to 1), i.e. we deal
with the Hamiltonian

H(4, 1) = Hyp(p) + AV(0) = ; P HE: + ; 7 (11.3)

which has a rather complicated structure, since it also contains terms in u2, Ay
etc. Obviously ,the coupled Mgller—Plesset (CMP) approach (‘coupled’ since it
is based on coupled Hartree—Fock) satisfies a Brillouin theorem in the sense

}iir}) ¢4 |[H(i, w, X]l V) = W) |HHF(,u)| ¥ ar(i) >
= () [ + 02| )y =0, VX € 20 (114)

for all i in a neighborhood of u =0.

Of course (11.4) implies that singly excited configurations don’t contribute
to 1st order in A, and this independently of u. It further means that the Ist
order correlation correction to all properties vanishes.

One would also like that a Hellmann—Feyman theorem holds in the sense

0H(, p)
o
and so to all order in A. This is not the case, (11.5) only holds if one does not

expand in powers of A. If one does make this expansion, the form (11.3) of
H(A, 1) has to be used, i.e.

i
$<W|H(A,u)|¥f>=<gf| [Py =<7 QP> (11.5)

%<W[H[W>=<W]H<,;>F+M7<“]W> (11.6)
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If one insists on a Hellmann—Feyman theorem in the form (11.5) one must start
from a Hamiltonian in which, unlike in (11.3) the u-dependence is just in a term
Q. This is achieved if we choose H - and ¥ from ordinary (rather the coupled)
Hartree—Fock theory

H=Hyp+pQ + iV (11.7)

with Hyr and ¥ u-independent, which agree with the y-dependent counterparts
for 1 = 0. Obviously for the choice (11.7) the Brillouin theorem (11.4) no longer
holds, except at p =0.

Double perturbation theory based on (11.7) is related to uncoupled Hartree—
Fock theory and should therefore be referred to as uncoupled Mpller—Plesset
theory (UCMP). It has been in use long before CMP [33].

We shall formulate both variants (Sects. 12 and 13). In this context the
careful analysis of Meller—Plesset perturbation theory for properties must be
mentioned [34] (see also [35]).

We agree with some of the conclusions of [34], especially as to the superiority
of CMP over UCMP; but we have also some reservations as to CMP and we
regard the incompatibility of a Brillouin theorem and a Hellmann—Feynman
theorem as a serious defect of any kind of MP-based double perturbation theory.

For the double perturbation theory based on the bare nuclear Hamiltonian
as Hy, i.e. for the Hamiltonian (11.1) both (11.5) and (11.4) hold, but the latter
with H = H,+ V replaced by H,. This ‘Brillouin-theorem’ for the bare nuclear
Hamiltonian is, of course, different from the conventional Brillouin theorem.
Anyhow, there is no unbalanced treatment between single and multiple excita-
tions and hence no choice between a coupled and an uncoupled variant.

In addition to the dilemma to choose between coupled and uncoupled MP
another drawback of double perturbation theory is that the expressions for the
E,; are rather lengthy and not easily interpreted, especially for the practically
most important quantity E,,, the 2nd order correlation correction to a 2nd order
property.

A good alternative is perturbation theory for uQ with a non-perturbative
treatment of electron correlation effects (see Sects. 14 and 15).

12. Uncoupled Moller—Plesset (UCMP) theory for properties

We satisfy the Brillouin-condition of Hartree—Fock theory for X € £ only in
the absence of the extra perturbation, i.e. in the limit u —0.

We hence consider double perturbation theory for the decomposition (11.7)
of the Hamiltonian, with H,,, defined by (4.24) and ¥ by (4.26¢).

We get

Ey={®|Hpyp|®) ={(®|H|®) = Epr (12.1a)
E,=<{®|V|®>=0 (12.1b)

Ey =3[V, Y, l|®) (12.1¢)

Ey =<{®|Q|®) (12.1d)

Ep, =322, Yy]|®) (12.1e)

E11=<¢‘[Qa Y10]|@>=<d5‘[17, Y01]|(D>=O (12-1f)
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E;, =%<¢|2[[I7, Yiol, Youl + [, Yiol, Yol + [[Hurs Yol Yiols Y01]|t15>

= 3@ 2V, Yoil, Yie] + 12, Yiol, Yiol + [[Har, Youl, Yio), Yiol|#>  (12.1g)
By, =3P, Yol Yiol + [V, Yor, Yo Il + [[Her, Yorl, Youl, ¥i0]| D

=%<¢|[[I7a Y01]= Y01]|(D> (12-1h)
provided that Y, and Y;, are determined from
Cio=< @V, Z] + [Hzur, Z1, Y1ol|#> =0; Ze LY (12.2a)

Co1 =<2, X] + [[Hyr, X], Y0i]|®>=0; XeZP (12.2b)

In (12.2b), although we have written X € £, only X € " gives a non-trivial
contribution, and (12.2b) is, in fact, the basic equation of uncoupled Hartree—
Fock theory (see Sect. 4). On the other hand due to the Brillouin condition for
u =0, only double excitations contribute to Y;, in (12.2a).

The results for E,, E,q, E,y, Y,, agree, of course, with the E,, E,, E,, Y, of
Sect 7 for ordinary MP.

The first-order correlation correction to the first-order property E;; (associ-
ated with Q) vanishes since Q (or ¥g,) is a pure one-electron operator, Y,, (or
) a pure two-electron operator. For a similar reason the first and the last terms
on the r.h.s. of (12.1h) vanish.

If a Brillouin theorem (11.4) would hold, also E,,, i.e. the first-order
correlation correction to a second-order property, would vanish. This is, how-
ever, not the case (unlike in CMP theory, see Sect. 13).

In UCMP theory a Hellmann—Feynman theorem holds in the form (11.6) or
(2.18). In fact the Egs. (2.16b,c,d) are realized in (12.1d,f,g).

The most interesting quantity is usually E,,, i.e. the 2nd-order correlation
correction to a 2nd-order property. Unfortunately the expression for this is
rather lengthy (see I. 5.13) and its evaluation requires the knowledge of ¥;, and
Y, or Yy,. It is probably easier to evaluate Y, than Y,,. We hence determine
Y, and Yy, from

Cyi = <@V, X1, You] + 12, X, Y10] + [Her, X], Y11
+3[[H . X1, Youl, Yool +3(llHpr, X1, Yiol, Yo11|@> =0 (12.32)
Coo =<P[12, X1, Yor] + [[Hpr, X1, Yool +5[[Hpr, X1, Yo1l, Yo,]| @) =0 (12.3b)
and get E,, as
Eyp=3(@[I[V. Yul, Yol + 20V, Yiol, Yool + €2, Yy, Y11

+V, Yol Yarl, Yol + 3112 Yio): Yorl, Yiol

+3ll12, Yiol, Y10l Yiol +3(l[Ho, Y10l Yool Y10

+3lllH,, Y10l Yiol, Yool + 3ll[Ho, Yiol, Yiul Yorl

+5[llHos Yiol, Youl, Yuul +3(llHo, Yiol, Yorl, Yiod Youl| @) (12.4)

One will probably not want to evaluate expressions that are so complicated and
so difficult to interpret.

The fact that various authors have actually evaluated E,, [33, 36] is no
argument against this general statement.
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13. Coupled Mgller—Plesset theory (CMP) for properties

To formulate coupled Maller—Plesset (CMP) theory we must first construct the
u-dependent Fock operator that appears in Eg. (11.3). Remember that
HY). = H,, has been defined as the one-electron operator (plus a constant term)
which satisfies

(PH:| @) =<D|H|P> (13.1a)
(P|[HGr, X1|®> =<P|H, X]|®); VX, (13.1b)

In analogy we define H(u) as the one-electron operator which satisfies
(P|e YWH(n) e¥W|d) = (P|e YW(H + puQ) e™@|d)y  (13.2a)
(P|e YOIHyp(p), X] e"W| @) =P | e~ "W[H + puQ, X] e”®| @)y (13.2b)

Expansion of (13.2) in powers of u leads to (13.1) and
(P HD + [HYr, Y11|®) =(P|Q +[H, Y,l|®> (13.3a)
(B [[HYp, X +[H X1, V1|0 = (2[[2, X] + [H, X], V,]|@> (13.3b)
(DHP:+] Hs?F, Yi] + [H o] +HHD, 1]|0)

={P|[Q, +[H, Y,] +3[H, Y,], Y,1|9) (13.4a)
(P[HGr, X1+ [H Y1] + [[H(;‘Bv, X], Vo] +3[[HGr X], Y11, Y,1| @)
= (@[[[Q, X1, Y\] +[[H, X], Y,] +3[l[H, X]. Y], Y ;1| (13.4b)
In view of (13.1b) we can simplify (13.3a) to
(P|HY:| @) = (P |Q2|®> (13.5a)

Noting that H = H. + ¥ we can rewrite (13.3b) as (having first used that X
and Y; can be interchanged)

(@HE— @, X]|®> =<2V, Y1], X]|®) (13.5b)

This means, that whenever H{%: appears in the form (@ [H%}, X]|®) it can be
written as

HY. = +1[V, 111 (13.6a)

i.e. that H). which is a one-electron operator, is equal to the one-electron-part
of the r.h.s, of (13. 6a)

Since ¥ is a genuine two-electron operator and Y, is a one-electron operator,
their commutator has no constant part, so also (13.5a) is compatible with
(13.6a). Analogously one gets from (13.4) in the same meaning of the equality
sign as in (13.6a)

H(I% =[Q, Y]+ [17, 1] —I—%[[V, Y\ nl- [H(fgv, Y] (13.6b)
The P® defined by (11.3) are then
7O =7 (13.7a)
VO =0~ HY.=—[V, 1] (13.7)
Vo= _Hg9. (13.7¢)

We can now apply double perturbation for the Hamiltonian (11.3).
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This is somewhat more complicated than in the UMP case, due to the extra
terms O(u?), O(Ayw), O(Au?) in the Hamiltonian (11.3). In addition to the
expression (2.16), one has additional contributions

Ey: (Po|Vi|¥oy = <P |7V @) (13.8a)
Ey: <'P0'V12+[V11; Yol +[Vo2s YIO]’T0> = <@|I7(2) + [17(1): Y1l +[Hg}v= 0'10]|‘D>
(13.8b)
Ey: <T0|[V113 YIO]I o) =<9 |[I7(1), 0'10]’¢> (13.8¢)

Let us first consider the terms for A =0, i.e. for the first label equal to 0
Ey={®|HQ|®) =< |H|D) (13.92)
Ey=<@|H|®)>=<(2|Q|®) (13.9b)
By = <O|HG; +3HY, 1]|0) =1(2 12, Y]|#) (13.9¢)

with Y, determined from
0=<(P[[HGy, X1 +[HG: V1], X]|®) =<2 |12 X] +[IH, Y,], X]|®) (13.10)

i.e. — as expected — we retrieve CHF theory (see Sect. 4). We have put a tilde
on the E,; in (13.9) to mark the difference to the results of Sect. 12. A tilde
on Y, is not necessary, since the counterpart of ¥, in Sect. 12 is ¥,,. Note that
Y,, and Y, are obtained from different stationarity conditions and are hence
different.

We now make the ansatz

¥=e0;, o= Auloy (13.11)
ki

i.e. the ¥,, of Sect. 12 are now replaced by the o,,. For u =0, i.e. the 2nd label
equal to 0, we get, of course, the same results (12.1b,c) as in Sect. 12, just with
Y,, replaced by ¢;, which is solution of (12.2a). The counterpart of (12.2b)
would be (13.10) with X € £ replaced by Z € £ . However, since both HQ
and HY). are one-electron operators, only the X € #{ give non-vanishing
contributions. Hence a4, =0 and Y, plays the role of Y. Let us now look at the
mixed terms

Ey =<7+ 7O, ¥))|@) =<| - [V, )] +[V, 1]|8) =0 (13.12a)
Ep=3{@2V@ +[VO, Y\] + [Hr, 010] + [V, OY1], Y1]|@) =0 (13.12b)
E, =<9 I[V(l), 010l + [V, 1], 010l + %[[H(fpn 16, 610]
+ %[[[HS%, Y11, 010l 0'10]|¢>
= KOV, Y1), 010] + 12, 610); T1o] + [[Hurs Y11 610), 030]| @) (13.12¢)

To see that E,, vanishes, one notes that H-is a one (and zero) particle operator
and o,, a two-particle excitation operator, such that the expectation value of the
commutator vanishes. The other contributions cancel if one inserts their actual
expressions.

The first term is the first expression of E,, vanishes because V" = — H{) is
a one-electron operator and o, a two-electron operator. The expression for E,,
is so lengthy that we don’t give it here.

It is noteworthy that the 1st order correlation correction vanishes both for a
first order property (E;; =0) and a second order property (£, = 0).
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Let us now compare the results of UCMP and CMP. Of course, there is
no difference for E,, E,q, E,, which don’t involve uQ, there is further agree-
ment for E,. Although E,, and E,, as given by (12.le) and (13.9¢c) look
formally the same, they differ because Y, # Y,,. The difference between
(12.2a) which determines Y, and (13.10) which determines Y, is that Q
in (12.2b) is replaced by HW.=Q + [V, ¥,] in (13.10). Let us look at the
respective functionals that represent the second order energies. These differ by
a term

3(@|IIV, 11), ]|@) (13.13)

This term is taken care of in CMP to Oth order in 4 and is ignored in
UCMP. However, this term appears to 1st order in A (see (12.1h)) for
UCMP, while there is no term to first order in A for CMP. The difference
between UMP and CMP is hence that in CMP the entire functional is made
stationary, in UMP only a part (hopefully the dominant one), while the
remainder is evaluated with an approximate Y;. So UMP with inclusion of
Ist order correlation corrections is just an approximation to CMP, and corre-
sponds to the first iteration beyond UCHF on the way to CHF.

Sadlej [34] has proposed to refer to contributions like (13.13) that appear
in UCMP to 1st (or higher order) in 4, but not in CMP as ‘apparent correla-
tion effects” in contrast to ‘true correlation effects’ as they appear in CMP to
2nd order in A. For a different derivation of CMP see [37].

What are the final conclusions about CMP and UCMP? For both ap-
proaches E,;, i.e. the first-order correction to a first-order property vanishes.
Both approaches give rather simple results for E,,, i.e. the first order correla-
tion correction to a second order property and E,, the second order correla-
tion correction for a first order property. In CMP E,, vanishes, which means
CHF is correct to O(4), to this order CMP is obsolete, while UCMP just
corrects approximately the error of UCHF with respect to CHF. For E,,
there is relatively little difference between CMP and UCMP. For both
schemes F,, is so complicated that one does not want to evaluate this
quantity by double perturbation theory, and rather looks for an alternative
approach.

14. Stationary unitary coupled-cluster theory for properties

We now want to study properties on the level of full CI. Let ¥, be the
full-CI wave function which makes the expectation value

Ey={P|H|¥,>;, ¥Y,=e"® (14.1)
stationary, i.e. which satisfies the Brillouin condition
(P|H, Z]| ¥ =0, YZex® (14.2)

with H the Hamiltonian, including electron interaction, in the absence of
external field puQ. We write the wave function in the presence of the external
field as

V() =ePo; t= ) pr (14.3)
k=1
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we then get
E=(¥@H +u2|¥0)> = 3w, (14.4)
=1
E = (¥o[Q| P> =<2 +[Q, 0] +3[[2, 6], 6] +---|®>  (14.52)
Ey =3P [[2, 7,]| ¥o) (14.5b)
with 7, making the functional
F(ry) =<l[/0|[g’ 7] +%[[H9 71l '51]|1P0> (14.6)
stationary, i.e. satisfying
CPoll?, Z] +[[H, Z], 1,]|¥o) =0; VZeL? (14.7)

This looks formally rather simple. The difficulty is that we rarely know ¥,, and
that even (14.7) is a too high-dimensional linear system of equations.

In the spirit of Sect. 8 we can approximate the expectation value (14.1) by
truncating the Hausdorff expansion at CEPA-0 level

Ey={®|e "He’|®)~ EP ={®|H +[H, o] +3[[H, 0], 6]|®)> (14.8)
with the stationary condition
(P|[H, Z] +[[H, Z], 6] +3[[H, 0], Z]|®> =0 (14.9)
In the same spirit we truncate the expectation value (14.4)
E = WolH+pQ +[H + pQ, pr] + [H, p?t] +3[lH, pr,], pri]+0w?)| o)
~E® =(®|H +[H, o] +[H, o], 6] + p{Q +[H, 1,]
+[Q +[H, 1], 6] +3[2 + [H, ], 6], 6]}
+ Mz{[Qa 1] +[H, ] + %[[H9 71l 7]
+2, 1] + [H, ©] +3[H, 1], 11], o]
+3l[Q, 7] +[H, 7] +3[[H, 7], ], 0], o]} + O@?)| &) (14.10)

The zeroth order (in ) is obviously E§? as defined by (14.8), the first order
energy E? can, by means of (14.9) be simplified to

EP ={2|Q +2, 6] +3[IQ, 6], o] +3[H, [1), o]] +3[l[H, 7], 0] 61| @) (14.11)

This is, unfortunately, not the Hellmann-Feynman result (14.5a) truncated at
terms quadratic in o, but there are additional terms. These only vanish, if rather
than (14.9) we satisfy the stationarity condition (14.2) truncated after terms
quadratic in g, i.e.

(D|[H, Z] +[[H, Z], 6] +3[[H, Z], 0], 6]| @) =0; VZeZL® (14.12)

To evaluate 7, we expand (14.7) in powers of ¢ and truncate after quadratic
terms

(PR, Z] +[H, Z], ©,] +[[2, Z] + [[H, Z], u], o]
+3lllQ, Z] + [[H, Z], 1], 6]| @) =0 (14.13)

Using (14.12) and (14.13) we can simplify the second order energy £ contained
in (14.10) to

Egz) = %<¢ |[Q7 Tl] + [[Qn Tl]a J] + %[[‘Qn Tl]a O-]a 0']|¢> (1414)
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which one would also get from (14.5b) on expanding the powers of ¢ and
truncating after the quadratic terms.

The important message is that for the calculation of properties on CEPA-0
level one should — for the determination of ¢ — not use the stationarity con-
dition (14.9) but rather (14.12). To some extent this means that in order to
get properties correct to 2nd order in ¢ we have to make the energy stationary
to a higher order in o. It is also important that Z in (14.12) is not limited
to double excitations, since the dominant part of 7, will consist of single
excitations.

The scheme presented in this section will be called ‘perturbative CEPA-0’.

Note that in this section we have never assumed that the single determinant
reference function @ satisfies a Brillouin theorem. In fact this is only useful in
perturbation theory, where it guarantees that first-order corrections vanish (see
Sect. 9). In a nonperturbative theory as in a CEPA-0-like scheme it only
matters that & is chosen such that S = ||o|| is sufficiently small, that truncation
of the Hausdorff expansion is justified.

It is interesting to note that we have automatically satisfied the Brillouin—
Brueckner condition in requiring that the Hellmann—Feynman theorem should
be satisfied. In fact, if (14.12) holds for all Z € £, it holds a fortiori for all
X e#®, for which (14.12) just becomes the Brillouin—Brueckner condition
(9.5). If we observe further that 7, is dominated by single excitations and
realize that (14.12) is needed for the simplification of E{® and EY with Z e 1,,
we conclude that (14.12) with Z € ' replaced by Z € £ would ‘nearly’
have the same effect, i.e. the Hellmann—Feynman theorem would be almost
satisfied.

15. Three other variants of a CEPA-0 type approach to properties

Let us now consider what one would get if one simply performs a CEPA-0
calculation in the presence of uQ. There are at first glance two variants, in the
first of these the reference function @ is constructed from Hartree—Fock theory
in the absence of the field, and uQ is only added in the CEPA-0 part. This
corresponds somehow to UCMP. In the other variant, related to CMP, one
optimizes even @ in the presence of uQ. Note that in the formalism given in
Sect. 14 this distinction was not necessary since the operator t performs the full
transformation from ¥, to ¥(u) and since no stationarity condition was im-
posed on &.

We start with what may be called ‘uncoupled CEPA-0’. We hence take the
energy functional

E(u) =< |H + pQ + [H + p2Q, 0], 6| @) (15.1)
where ¢ now depends, of course, on u
o =) poy (15.2)

k

We expand E(u) in powers of u

E(i) =§0ukEk (15.3)
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and get
Ey= <P |H +[H, 5] +3[[H, 0], 50]| ®> (15.4a)
El = <¢ I‘Q + [‘Qa O-O] + %[[Qa O-O]: O-0] + [Ha O-1] +%[[H> O-O]a 61] + %[[Ha 0-1]5 GO]|@>
(15.4b)
E,=<{® |[9> o] + %[[Ha 0.}, 00] + %[[Q, 01l 6ol + [H, 03] + %[[H()a o), 0,]
+ %[[Ha 0-2]5 O-O] + %[[‘Qs 0-0]’ 61]|¢> (1540)
Of course, o, is determined by the stationarity condition for E,
(P|H, Z] +3H, Z], 5,] +3[[H, a,], Z]|®> =0 (15.5)
If this is satisfied, E, is simplified to the Hellmann—Feynman expression
E, ={21Q +[Q, 6] +3[2, g5}, 5,]| @) (15.6)

Stationarity of E, leads to the condition for o,
(P2, Z] +3119, Z, 6] + 3112, 60], Z] +3[[H, Z], 6] +3[[H, 0,], Z]|®) =0
(15.7)
If both (15.5) and (15.7) are satisfied, we get for E,:
E, =%<¢ |[Q, o] + %[[Q, 01], 60] + %[[Qz ool 0'1]|¢> (15.8)

While the result for E| is the same as before (14.5a), just with ¢, and ¢ determined
from different stationarity conditions, E, is significantly different from (14.14), it
only contains correlation corrections to 1st order in ¢,, not to second order in o,.
This somehow disqualifies ‘uncoupled CEPA-0’.

Let us now consider the ‘coupled’ variant. It becomes more lengthy. We first
make

(Ple "(H+uQ)e|d) (15.9)

stationary to Oth and 2nd order in u with respect to one-particle transformations.
This leads to

(P|H, X]|®>=0 (15.10a)
(@|[H, Y11, X] +[Q, X]|®>=0 (15.10b)

as in CHF theory. We then take care of electron correlation on CEPA-0 level,
i.e. we take the functional

E(o) ={®|e " Y{H + uQ + [H + uQ, o] +3[[H + p@, o], 6]} e"|®)> (15.11)

and make this stationary with respect to variations of . We first expand ¢ and
then E(o) in powers of u and get

E,={®|H +[H, 6,] + [H, 6,], 6,]|®) (15.12a)
E = <(D|[H’ Y] +1H, oo, Y] +%[[[H, 6ol, 60l, Y11+ Q +[8, 0] + %[[-Q: gl gl
+[H, 0,] +3[[H, 6], 6,] +3[[H, 6,], 0,]| D) (15.12b)

E,=<®|[H, Y,] +[[H, d,], Y>] +3[[[H, 0], 5], Y>]
+%[[H, il Yl +%[[[Ha 6o}, Y11, Y1] +i[[[[H> 60l 0ol, Y11, Y1]
+[Q, Y11 +[[Q, a,], Y] +%[[[Q: o], 6o); Y1]
+[H, 0] +%[[H, 631, 0] +%[[H, 0o), 0] +%[[H; 61}, 04]
+1Q, 6,] + 12, 6,1, 5] +3[[2, 0], 1]
+[[H, 6,1, Y11 +3ll[H, 0,], 6], Y1] +3l[H, 6o], 6,1, ;]| @D (15.12c)
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The stationarity conditions are

(@|H, Z] +3[[H, Z], 6,] +31[H, 6,], Z]|®> =0 (15.13a)
<¢ |%[[Ha 0-1]5 Z] + %[[Ha Z]: 0-1] + [.Q, Z] +%[[Q: Z]s UO] + %[[Q’ 0-0]9 Z]
+[[H, Z], Y\]1 +3[[H, Z), 6,), Y11 +3[[H, 60], Z], Y, |®> =0 (15.13b)

Using (15.13a) and (15.10a) we can simplify (15.12b) to
E =< |[[Ha o), 4] +%[[[H, 0ol; 60l, Y11 + 2 + [, 0] +%[[Qa o] » 0'0‘]|(P>
(15.14a)

This is not the desired Hellmann—Feynman expression like (14.5a)

When one simplifies (15.12¢) by means of (15.13a,b) the expression is still very
lengthy and differs even more from a Hellmann—Feynman expression than does
(15.14a). That ‘coupled CEPA-0’ does not satisfy a Hellmann—Feynman theorem
is a strong argument against this approach.

What can we do after having discarded both coupled and uncoupled CEPA-0?
Let us wonder what we have to do in order that a Hellmann-Feynman theorem
holds. This leads us to the ‘coupled Brillouin—Brueckner CEPA-0" approach for
properties. We easily see that we get a Hellmann—Feynman expression for E, if
we replace the Brillouin condition (15.10a) by the Brillouin—Brueckner condition

<(p |[H9 X] + [[Ha O-O]a X] +%[[[Ha O-O]’ O.O]a X]|¢> =0 (15153)
Then we get, in fact
E; ={®|Q +[2, a] +3[[&, 60], 50]| @ (15.14b)

On first glance (15.15a) looks different from the Brillouin—Brueckner condition
formulated in Sect. 9. However, by means of the Jacobi identity one can
reformulate (15.15a) to

(@|[H, X] +[[H, X], 6] +3[[[H, X1, 00}, 51| >
+<@[H, [0y, X1I +3[[H, [05, X1, 001 +3[[H, 05, [00, X1|@) (15.15b)

We recognize the first part of (15.15b) as (9.4), while the second part vanishes due
to the CEPA-0 stationarity condition (15.10b) for Z = [a,, X]. Similarly the CHF
condition (15.10b) does not lead to a sufficient simplification of (15.12c). We
rather should satisfy the ‘coupled-Brueckner—Hartree—Fock condition’

<¢|[[Ha Yl]s X] =+ [[H5 GO]a Y1]7 X]
+ [[Q: O-0]> X] + %[[[[Hs O-O]: 0-0]: O-O]a Yl]a X] + %[[[Q’ 60]3 O-0]! X]|¢> =0 (1516)

Both (15.15a) and (15.16) imply that we make the energy in the presence of
correlation effects stationary with respect to one-particle transformations, i.e. that
we minimize the functional (15.11) with respect to variations of Y, (and, of course,
also with respect to variations of ¢). To minimize (15.9) instead is, so to say, not
consistent. This stresses again that a Brillouin condition for the reference function,
which is meaningful if the electron correlation is treated by perturbation theory,
is not of much use in a nonperturbative context.

If (15.13a,b) and (15.15a, 16) hold, the expression (15.12c) for E, can be
simplified to

EZ = %<¢ |[Qa Yl] + [[Qa 60]9 Yl] +%[[[Q= 0-0]5 0-0]9 Yl]
+[Q, 0,1 +3002, 5, 011[®> (15.17)
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We see that the response to the perturbation pQ is shared by two operators Y,
and ¢,. The difference between Y; and o, is that Y, is — by construction — a
one-electron operator, while ¢, is — in view of the Brillouin—Brueckner condi-
tion — a two-electron operator. Note also that & is the Brueckner determinant
rather than the Hartree—Fock determinant.

We realize that the ‘coupled Brillouin—Brueckner CEPA-0’ is not very
different from the ‘perturbed CEPA-0’ of Sect. 14. The operator z of Sect. 14 is
now split into two parts ¢; and ¥;. Only the dominant part Y, is treated ‘exactly’
as compared to ‘perturbed CEPA-(’, while the ‘correlation correction’ o, is
treated on a lower level of approximation.

The message is that the ‘perturbed CEPA-0 approach’ of Sect. 14 is probably
the best choice, but the ‘coupled Brueckner CEPA-0’ may be a decent approxi-
mation to ‘perturbed CEPA-(’, while both ‘uncoupled’ and ‘coupled” CEPA-0
have to be discarded. From this section we can also learn something about the
validity of finite perturbation theory in a CEPA-0 context. In fact we have
simulated this in the present section by ‘uncoupled’ and ‘coupled’ CEPA-0.

We conclude that a finite perturbation theory in which one performs the
starting Hartree—Fock calculation for u =0 and where one includes uf2 only in
the CEPA-0 part, is inaccurate for second-order properties, as is seen from (15.8)
as compared to (14.4). It is acceptable for first-order properties, but these are,
anyhow, more easily evaluated as expectation values.

If one includes uQ already in the Hartree—Fock calculations and continues
then with CEPA-0 one gets results that don’t satisfy the Hellmann—Feynman
theorem, i.e. the result for a first-order property will be different depending on
whether it is obtained by finite perturbation theory or as an expectation value.
The error of the property will be linear rather than quadratic in the error of the
wave function. Similar problems arise for second-order properties.

Even in finite perturbation theory, in order to get consistent results, one
should at least satisfy the Brillouin—Brueckner condition for all selected values
of u.

16. Coupled MC-CEPA-0 for properties

In coupled MC-CEPA-0 theory for properties we proceed as in Sect. 14, just with
the reference function @ not the single Slater determinant of Hartree—Fock
theory but an MC-SCF function. Since in Sect. 14 we have never used explicitly
that @ is a single Slater determinant, almost everything can be taken over. Of
course, the operator basis is a little more complicated, as discussed in Sect. 9 and
it is less obvious than in the closed-shell case which basis operators should be
included in the first iteration cycle, i.e. on CEPA-Q level.

17. Conclusions

Stationary perturbation theory based on the Lie algebraic formulation of the
variation principle — is the appropriate frame for the derivation of Hartree—
Fock theory and MC-SCF theory as well as of coupled Hartree—Fock and
coupled MC-SCF in a compact and elegant way. Also many-body perturbation
theory as well as Moller—Plesset theory can be so formulated in a simple and
transparent manner. The main interest in the application of the Lie algebraic
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formulation of the variation principle is, however, the quadratically convergent
iterative approach to the construction of the full-CI wave function, where the
first iteration cycle is the well-known CEPA-0 approach. Protagonists of cou-
pled-cluster (CC) theory might object at this point that a straightforward CC
approach is — at its lowest level, i.e. CC-D or CC-SD — not much more compli-
cated than CEPA-0 and gives usually more satisfactory results. This is true, but
conventional coupled-cluster theory does not satisfy a stationarity condition of
the type that we need for a unitary formulation. The author is convinced that on
the long run the advantages of the hierarchy of approximations to full CI
(including higher than the first iteration and the option for a multiconfiguration
reference, but also corrections like CPF) will take over as compared to conven-
tional coupled-cluster theory (especially if one is interested in properties, for
which a different philosophy than for energies is required).

The treatment of properties has, in the theory of the coupled cluster
approach, so far only played a marginal role [28, 32]. There is no doubt that the
stationary context is much more important for properties than for energies, and
that the unitary formulation wins back much of what it may have lost for
energies. It is almost imperative to use such methods for the calculation of
properties including correlation effects, which do obey a Hellmann—Feynman
theorem, such that there is no ambiguity as to how the property should be
evaluated.

Double perturbation theory (DPT) does not appear to be a good choice for
the calculation of correlation effects on a property. DPT based on the bare
nuclear Hamiltonians as describing the unperturbed problem is formally straight-
forward, but has the drawback that the full electron iteraction is too large in
order to be treated by perturbation theory. DPT based on the Moller—Plesset
pertition of the Hamiltonian faces the dilemma that two variants, coupled
Mpller—Plesset (CMP) and uncoupled Megller—Plesset (UCMP) can be defined,
none of which is entirely satisfactory. CMP satisfies a Brillouin theorem which
guarantees that the first-order correlation corrections, not only to the energy, but
also to 1st order and 2nd order properties vanish, such that the dominant
correlation corrections are in the second-order terms. On the other hand CMP
does not satisfy a Hellmann—Feynman theorem which would guarantee that the
error in the property is quadratic in the error of the wave function. UCMP does
satisfy a Hellmann—Feynman theorem, but no Brillouin theorem. Hence there
are correlation effects on properties formally to 1st order in correlation, but these
are no ‘true’ correlation effects since they are taken care of to Oth order in
coupled Hartree—Fock (on which CMP is based). The most serious drawback of
either variant of MP double perturbation theory is that the most interesting
quantity, namely E,, the 2nd order correlation correction to a 2nd order
property is so complicated that one would not hesitate to prefer an alternative
non-perturbative way.

A theory of properties on CEPA-0 level, i.e. with a non-perturbative treat-
ment of correlation effects, can be formulated in a rather transparent way such
that both a Brillouin and a Hellmann—Feynman-theorem hold. However, there
is a price to pay. The Brillouin-condition that one has to satisfy is rather a
Brillouin—Brueckner condition, i.e. it implies stationarity of the energy with
respect to variations of the reference function in the presence of the leading terms
that describe correlation. Moreover, even the counterpart of coupled Hartree—
Fock theory must be performed on the same level, i.e. in the presence of
correlation.
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We have, in this paper, never specified the type of the external perturbation
described by pQ. In fact one will mostly be concerned with magnetic interac-
tions, because for electric perturbations finite perturbation theory is rather
simple, while finite perturbation theory for magnetic perturbations would re-
quire full complex arithmetics, which is certainly inconvenient. Of course, the
Hamiltonian of a molecule in a magnetic field is not linear in the field strength,
but contains also a quadratic term. The necessary generalization of the formal-
ism is, however, almost trivial. The same is true for two magnetic perturbations
as in the theory of chemical shifts. More serious, at any level of theory is the
gauge problem. A transformation to individual gauge origins for different
orbitals in the spirit of the IGLO approach is possible, but complicates the
formalism.

Note that even if finite perturbation theory is possible, it need not be the
best choice, since it does not necessarily satisfy a Hellmann—Feynman theorem.

We have, at various instances, assumed that the perturbation uQ is a
one-clectron operator. Some results are based on this assumption. If one wants
to apply the present theory to, say, an Q which is a two-electron operator,
some modifications in the final formulas may be necessary.

One should mention that we have always argued in terms of a spin-orbital
basis, while in practice one will mostly deal with spinfree systems and Lie
algebras with spinfree excitation operators are advantageous. However, the
necessary modifications are rather straightforward.

The reader may want to know which method is recommended for the
evaluation of correlation corrections to properties. This is the perturbed CEPA-
0 approach of Sect. 14 which satisfies a Hellmann—Feynman theorem and a
Brillouin—Brueckner condition. Finite perturbation theory based on CEPA-0
can be applied, provided that for all selected values of the external perturbation
a Brillouin—Brueckner condition is obeyed.

Finally one should not forget that effects of dynamic correlation on pro-
perties are often small, while non-dynamical correlation effects can be very
pronounced. This means that a most important step towards a treatment
of correlation effects for properties is often coupled MC-SCF as discussed in
Sect. 4.

Acknowledgement. The author thanks Ch. van Wiillen and J. Noga for fruitful discussions on this
subject.

Appendix

Commutators in the particle-hole picture

The excitation operators a?, a?¢ etc. satisfy the following commutation relations

[af, a;] = 6,a% — 6%a; (A.1a)
laf?, a,] = 07all + d5ati — 65ail — d%ak;, etc. (A.1b)

contractions from upper right to lower left appear with a + sign, from upper left
to lower right with a — sign.

Whenever one deals with the case that a particular single Slater determinant &
plays a privileged role, it is convenient to define & as a ‘physical vacuum’ and
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to introduce a particle-hole formalism with respect to this vacuum. One then
defines new operators

ab =ab —dn, (A.22)
ard = ab? 4+ (—o62a? 4 8%al)n, + (—o6al + 6ial)n, + (—9,05 + 8,65)n,n,
(A.2b)

The 4 operators have the interesting property that
asledy=0; ari|ey =0 (A.3a)
which implies a fortiori that
(Plaz|@) =0, (P|azd|dy=0 etc. (A.3b)

The commutators of the d operator differ from those of the a operators in the
presence of cross contractions. Consider e.g.

(@5, @} = [ab, af] = 0,48 — 6%ay, = 0,48 — 6%d, + 6,0%(n, —n,) (A.da)

The last term of the final expression in (A.4a) is such a cross contraction. To the
expectation value of a commutator only full contractions contribute, e.g.

(P|laz, @5)| @) = 6,82 (n, —n,) (A.50)
(D |[a}, af| D) = 53] (A.5b)
(D|lab, ai]|®) = —5ib] (A.50)

The commutator between a one-particle and a two-particle cannot have a full
contraction, hence

(D@}, ai]|@) =0 (A.6)

The only nonvanishing expectation value of commutators between two-particle-
operators are

(P|ldes, aif1| @) = (6567 — 65010265 — 6369) (A.7a)
(P |lasd, ahl| @) = — (3567 — 61646565 — 0502 (A.7b)
for the expectation value of double commutators one gets e.g.
(Play, d;l, @1| @) = (676504 — 62650.)(n, —n,) (A.8)
and the only nonvanishing matrix elements of type (A.8a) are
(@llla;, a;l, a]| @) =1 (A.9a)
(P la, ajl, ail[@) = —1 (A.9b)
(@ |llaz, a;l a.)| @) = —1 (A.9¢)
(Pl1a7, a7l dl| @) =1 (A.5d)

Such expectation values are conveniently represented by diagrams. “Vacuum
expectation value’ diagrams must be completely contracted, i.e. have no external
lines. They must further be connected, such that there is at least one contraction
between the terms of the inner commutator, and so between the terms of the
outer commutator.
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For the application of the particle-hole formalism the Hamiltonian must be
written in this formalism. One gets

H =h2a% +3g%a% = foas + 524 ar (A.10a)
Jo=hy+ (g5 —gion, (A.10b)

The one-electron Brillouin condition (4.3) becomes:
(Po|lHo, ail|¥o) = ¥y |[Ho, @:1|¥o) =fuln, —n) =0 (A.lla)
fi=fr=0 (A.11b)

The construction of the Hessean (4.12a) is now very simple, if one chooses a
basis in which:

fh=¢,04 (A.11¢)
Hi =< @@, [H,all|®) = (e — )050; + &5 = (HD*  (A.122)

HY, =gl = (HY)* (A.12b)

i
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